EXOTIC SMOOTH STRUCTURES ON TOPOLOGICAL FIBRE 

BUNDLES II 



SEBASTIAN GOETTE AND KIYOSHI IGUSA 

Abstract. We use a variation of a classical construction of A. Hatcher to construct 
virtually all stable exotic smooth structures on compact smooth manifold bundles whose 
fibers have sufficiently large odd dimension (at least twice the base dimension plus 3). 
5_l ■ Using a variation of the Dwyer- Weiss- Williams smoothing theory which we explain in a 

C-« separate joint paper with Bruce Williams QT], we associate a homology class in the total 

space of the bundle to each exotic smooth structure and we show that the image of this 
class in the homology of the base is the Poincare dual of the relative higher Igusa-Klein 
(IK) torsion invariant. This answers the question, in the relative case, of which cohomology 
classes can occur as relative higher torsion classes. 
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Introduction and outline 

Higher analogues of Reidemeister torsion and Ray-Singer analytic torsion were developed 
by J. Wagoner, J.R. Klein, M. Bismut, J. Lott, W. Dwyer, M. Weiss, E.B. Williams, W. 
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Dorabiala, B. Badzioch, the authors of this paper and many others. ([22], [21], [20], [5], [7J, 

There are three different definitions of the higher torsion due to Igusa-Klein |20| . |17j . 
Dwyer- Weiss- Williams [7J and Bismut-Lott [5], [1] which are now known to be related in a 
precise way [2], [TO], [18]. In this paper we use the Igusa-Klein (IK) torsion as formulated 
axiomatically in [18] (See the review of higher torsion and it basic properties in Section fl. 31 ) 
The results can be translated into results for the other higher torsion invariants using the 
formulas relating the Dwyer- Weiss- Williams (DWW) smooth torsion, the nonequivariant 
Bismut-Lott (BL) analytic torsion and the IK-torsion. (See [2], |1U].) 

Higher Reidemeister torsion invariants are cohomology classes in the base of certain 
smooth manifold bundles which can sometimes be used to distinguish between different 
smooth structures on the same topological manifold bundle. The main purpose of this work 
is to determine which cohomology classes occur as higher Reidemeister torsion invariants 
of exotic smooth structures on the same topological manifold bundle. We also determine 
to what extent the higher torsion distinguishes between different smooth structures on the 
same bundle. 

Since the higher torsion is a sequence of real cohomology classes which are "stable", it 
can only detect the torsion-free part of the group of stable smooth structures on topological 
bundles. Following Dwyer, Weiss and Williams we eschew classical smoothing theory by 
assuming that we are given a fixed linearization (vector bundle structure) on the vertical 
tangent microbundle of a topological manifold bundle. We also assume that there exists at 
least one smoothing. With these points in mind, we give a complete answer to these two 
questions in the relative. Also, in the process, we give an explicit construction of "virtually 
all" exotic smooth structures on smooth manifold bundles with closed fibers of sufficiently 
large odd dimension. 

0.1. Statement of results. Suppose that p : M — >■ B is a smooth bundle with fiber X. 
This means that X, M, B are compact smooth manifolds and B is covered by open sets U 
so that p~ l {U) is diffeomorphic to U x X. We always assume that B, X and M are oriented 
since we need to use Poincare duality. For the purpose of this introduction, we also assume 
that X, B and M are closed manifolds although we also need to consider disk bundles over 
M. 

Let T V M be the vertical tangent bundle of M, i.e. the kernel of the map of tangent 
bundles Tp : TM — > TB induced by p. By an exotic smooth structure on M we mean 
another smooth bundle M' — > B together with a fiberwise tangential homeomorphism 
/ : M = M'. This in turn means that / is a homeomorphism over B and that / is covered 
by an isomorphism of vector bundles T y f : T y M = T y M' which is compatible with the 
topological derivative of the homeomorphism /. (See [IT], subsection 1.3.3.) 

There are two invariants that we can associate to an exotic smooth structure M' on M. 
One is the higher relative IK-torsion invariant (Section II. 3p 

r IK (M',M) e0ff 4fc (B;M) 

fc>0 

and the other is the relative smooth structure class Q(M',M) € iJ#(M;R) which is a more 
complete invariant given by the following theorem which is a reinterpretation of the results 
of [7j as explained in [TT| and [23]. 

2 



Theorem 0.1.1. Let S B {M) be the direct limit over all linear disk bundles D(M) 

over M of the space of all exotic smooth structures on D(M). Then ttqS b (M) is a finitely 
generated abelian group and 

tt S b (M) (g) R H dimB _ 4k (M; K) 

fe>0 

In particular, any exotic smooth structure M' — > B on M gives an element of S B {M) 
and the corresponding element in the homology of M is called the smooth structure class 
of M' relative to M and will be denoted 

Q(M',M) G F 9 _ 4 .(M) := 0^ dimB -4fc(M;]R) 

fc>0 

We also use the indicated shortcut. The spot • will denote direct sum over k > as 
indicated. Coefficients will be in R unless otherwise stated. We also aways denote the 
dimension of B by q. 

The first main theorem of this paper is the following formula relating these invariants. 
Theorem 0.1.2 (Theorem \MM Corollary \MUM • 

Dt 1k {M',M) = p*0{M',M) G H q _ 4 .{B) 
where D : H 4 '(B) = H q ^^ 9 {B) is Poincare duality and 

p* : fl,_4.(M) -> H q -4,(B) 
is the map in homology induced by p : M — >■ B. 

This theorem can be interpreted to mean that, up to elements of finite order, differences 
in stable smooth structure which are not detected by higher torsion invariants are classified 
by homology classes in the kernel of the mapping . 

Combining these theorems, we obtain the answer in the stable case to the question which 
motivated this project, namely which cohomology classes occur as higher torsion invariants: 
The union of all higher IK-torsion invariants of exotic smooth structures on all linear disk 
bundles D{M) over M span the Poincare dual of the image of p*. The answer in the 
unstable case is given by the following result which is a reformulation of Corollary 13.0.91 

Theorem 0.1.3. Let p : M —■ B be a smooth manifold bundle whose base B, fiber X and 
total space M are closed oriented smooth manifold. Suppose that dimX is odd and at least 
2dim£> + 3. Let (3 G H 4 *(B) be a real cohomology class whose Poincare dual is the image 
of an integral homology class in M . Then there exists another smooth bundle p' : M' — > B 
which is fiberwise tangentially homeomorphic to p so that the relative torsion r IK (M',M) 
is a nonzero multiple of (3. 

The construction which produces these exotic smooth structures is a variation of the 
classical construction of Hatcher. We call our version the "Arc de Triomphe" (AdT) con- 
struction due to its appearance (Figure \2.1\f . The theorem above is therefore a consequence 
of Theorem 10.1.21 and the following theorem. 

Theorem 0.1.4 (AdT Theorem f3 . 1 . 1 1) . When dim A > 2dim_B + 3 is odd, the relative 
smooth structure classes of the smooth bundles M' — > B given by the AdT construction 
span the vector space H q -^,(M). 
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0.2. Outline of the proofs. The proofs of the results outlined above are interrelated and 
revolve around the proof of the key result Theorem 10.1.21 which can be restated as follows. 
We consider two homology invariants for stable exotic smooth structures on smooth bundles 
M — >• B. One is the Poincare dual of the higher IK-torsion and the other is the image of 
the smooth structure class ©a/(M') in the homology of the base. Our theorem is that 
these invariant are equal. To prove this we note that these invariants are homomorphisms 
with a common domain, namely the group of isomorphism classes of stable exotic smooth 
structures on M, and common target, namely the direct sum of the real homology groups 
of B in degrees q — 4k where q = dim B. To prove that these homomorphisms are equal, we 
construct examples of exotic smooth structures for which we can calculate both invariants 
and show that the invariants agree. Then we show that our examples span the domain, 
tensored with R. By linearity, the invariants must agree everywhere. 

The examples come from the theory of generalized Morse functions. We start with the 
main result of [H] which we reformulate to say that the set of possible singular sets of 
fiberwise generalized Morse functions on M produce a spanning set in the homology of 
M in the correct degrees. These singular sets are examples of "stratified subsets" of M 
with coefficients in BO. We can replace BO with G/O since they are rationally homotopy 
equivalent. Then we use the Arc de Triomphe construction which converts stratified subsets 
of M with coefficients in G/O into exotic smooth structures on M. Next we convert the 
Arc de Triomphe construction into an equivalent "immersed Hatcher handle" construction 
in order to compute its IK-torsion. 

The immersed Hatcher construction has the property that it is supported on an embedded 
disk bundle E C M. By the functorial properties of the smooth structure invariant O 
proved in [11], the corresponding formula for higher torsion invariants proved in Theorem 
12.4.11 below and the fact that the two invariants p* o O and D o r IK agree on disk bundles, 
also proved in |llj . we conclude that they also agree on the immersed Hatcher construction. 
Therefore, these two invariants agree on the Arc de Triomphe construction and we only 
need to show that there are enough of these examples to generate a subgroup of the domain 
of finite index. 

To prove this last statement we use Theorem 10. 1.11 above which is derived from the 
DWW- version of smoothing theory and proved in [TT]. The latter result says that the 
group of isomorphism classes of stable exotic smooth structures on M, when tensored with 
M, is isomorphic to the direct sum of the real homology groups of the total space in degrees 
dimi? — 4k. But these are exactly the homology groups spanned by elements coming from 
singular sets of fiberwise GMF's. This proves simultaneously the key result: Do r IK =p*oG 
and the AdT Theorem 10.1.41 The other theorems follow from these. 



0.2.1. Functorial properties of exotic smooth structures. The key property that D o t = 
p t o is known to hold for disk bundles and we use the functorial properties of these 
homology invariants to conclude that it holds for all smooth bundle. The functorial property 
of O, as proved in |llj . is as follows (in the special case that dB is empty). 

Suppose that L is a compact smooth g-manifold with boundary where q = diml? and 
A : L — > B is an immersion. Choose a lifting of A to an embedding A : L — >■ M. Then, a 
fiberwise neighborhood of the image of L in M is a smooth disk bundle ir : E — > L with 
fiber D N where N = dimX is the dimension of the fiber of p : M — > B. The inclusion 
map D(A) : E — > M is a smooth embedding over A in the sense that the following diagram 
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commutes. 



E—^M 



The following naturality statement for the smooth structure class O is proved in [TT] , Corol- 
lary 2.4.3. 

Theorem 0.2.1 (stratified deformation theorem). The following diagram commutes where 
the vertical arrows are induced by the embedding D(\) : E — » M and immersion A : L — > B. 

ttoSI dL (E) ®— H q ^.(E) H q ^.{L) 



dm* 



dm* 



n S s B (M) H q ^.(M) H q _ A .{B) 

where 5£ ql(E) is the space of stable exotic smooth structures on E which agree with the 
given smooth structure of E over dL and all homology groups have coefficients in R. 

0.2.2. Hatcher handles and Arc de Triomphe. The AdT construction and the immersed 
Hatcher handle construction (Section 2) are generalizations of a classical construction of 
Hatcher (reviewed in Section 1) which produces exotic smooth structures on linear disk 
bundles. 

Just as a standard n-handle is given by attaching a disk bundle D n (£) © D m (rj) to the top 
M x 1 of M x I along a fiberwise embedding S" 1-1 (&D m (r}) — > M, Hatcher handles are given 
by attaching thickenings of Hatcher's disk bundle to the top M X 1 of the product M x I 
along certain attaching maps given embeddings A : L — > M which lie over codimension 
immersions A : L — >■ B. We call this the immersed Hatcher construction. The reason that A 
needs to be an immersion is because, following the proofs of Lemmas 13.1.121 and 13.2. 1| we 
see that L is constructed from a fiberwise generalized Morse function on M and each Morse 
critical point of /& : Mf, — > R of even index gives an element of L mapping to b. Thus, we 
cannot expect A to be an embedding. 

For fixed n and m there are two kinds of Hatcher handles which we call "negative" and 
"positive" Hatcher handles. The attaching map for the negative Hatcher handle A n ' m (^,rj) 
can be deformed to be on top of the positive Hatcher handle 5™' m (£, rj) in such a way that 
they cancel as shown in Figure I2TT1 We call this the Arc de Triomphe (AdT) construction. 
This construction has as input data a "stratified subset" of M. This is a pair (£, tfj) where 
£ is a smooth oriented g-manifold embedded in M with the property that the projection 
S — > B has only fold singularities (Definition I3.1.31 The mapping ifi : E — » G/O gives the 
data for positive and negative Hatcher handles to be attached along S + , £_ which are the 
closures of the subsets of S along which the projection p : S — >• B is orientation preserving 
or reversing, respectively and these handles are cancelled using the AdT construction along 
the fold set S = n S+. We denote by SD^f Q (M) the group of deformation classes of 
stratified subsets (S,^) of M. The Arc de Triomphe construction thus gives a map 

AdT:SDf°(M)^ir S s Bjdo (M) 
which we show to be additive in Proposition 13.1.71 
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One of the key results (Lemma I3.1.12p is that this map is rationally surjective, i.e., its 
cokernel is finite. To prove this we use the computation of the homotopy type of the space 
of generalized Morse functions [2] which implies that there is a fiberwise generalized Morse 
function / : M — > I whose singular set £(/) together with a suitable multiple £ n its vector 
bundle data £ given by the second derivative of / gives an element of SDg^g \M) which 
maps onto a spanning subset of the real homology group 

H g . 4 .(M, M dlB )^ n S s Bj9oB (M) R 
In the following diagram, this is expressed by saying that the curved mapping (— l) n 2Dch 

Q IQ 

from SD B q qB {M) to H q _4,(M, Mg lB ) maps onto a spanning subset where Dch is the 

map (Subsection 13.1.2]) which sends (£,V0 £ SD B q qB {M) to the image in H q _4,(M) of 
the Poincare dual of the normalized Chern character (Def. I1.3.8P of the bundle over £ 
associated to ifi: 

di{Z,ip) = ^{-l) k C{2k + l)\ch ik {il;®C) e i/ 4, (£;M) 
fc>0 

where £(s) = i is the Riemann zeta function. 

sd b°S m ) mT^ ^kdoiM) "e - H q ^.(M,M dlB ) 



(-l) n 2Dch 

We know from that is an isomorphism. So, it suffices to show that G o AdT = 
{—\) n 2Dch, i.e., that this diagram commutes. This is the statement of Lemma 13.1.131 

Finally, we come to the stratified deformation lemma [3,2.11 which is used to prove that 
every AdT construction can be deformed into an immersed Hatcher construction. This 
crucial lemma allows us to compute the higher IK-torsion invariant and show that they 
agree with the other invariant D o p* o on the same collection of exotic smooth structures 
as those given by the AdT construction. The main theorems then follow as we have outlined 
above. 

0.2.3. Stratified subsets. The Arc de Triomphe construction uses "stratified subsets" of the 
bundle M with coefficients in G/O. In the case when M is a closed manifold, these are 
defined to be closed oriented q-submanifolds ECM, where q = dim B, so that the restric- 
tion of the projection map p : M — > B to E has only fold singularities. These are points at 
which p is given, in local coordinates, by 

p{xi, • • • , Xg) = (xf,X2,X S , ■■■ ,Xg) 

Then S becomes the union of two submanifolds S + and £_ where £+, resp. S_, is the 
closure of the set of all points at which p\T, is nonsingular and orientation preserving, resp. 
orientation reversing and the fold set is So = S + n £_. The coefficients are given by a 
continuous mapping E — > G/O. 

A fiberwise generalized Morse function (GMF) on M is a smooth map / : M — > M with 
the property that / has only Morse and birth-death singularities on the fibers. This is 
equivalent to saying that the vertical derivative of /, as a section of T V M, is transverse to 
the zero section and that the singular set is a stratified subset of M. Then S + , resp. 
is the closure of the union of all Morse critical points of / of even, resp. odd, index and 
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So is the set of degenerate critical points of /. The coefficient map X — > BO is given by 
the Hessian of / at each critical point. (See |14|.) Using the fact that G/O is rationally 
equivalent to BO, we can lift a nonzero multiple of the coefficient map to G/O. (Take the 
direct sum of the corresponding vector bundle over £ with itself several times.) 

The main theorem of |14j is that the space of GMFs on a single manifold X has the 
dimX homotopy type of Q(BO A X+). Thus a fiberwise GMF is equivalent to a section of 
a bundle with that fiber and a standard homotopy theoretic argument proved in Corollary 
2.2.2 of [11] implies that the corresponding stratified sets with coefficients lifted to G/O 
will represent (a multiple of) any element of H q _^ 9 (M). The AdT construction produces 
the exotic smooth structure corresponding to this homology class using this stratified set. 

0.3. Comparison to DWW-torsion. Our key result (Theorem 10.1.21 above) can be inter- 
preted as saying that the relative higher IK-torsion is equal to the relative higher DWW- 
torsion if we define the latter to be the Poincare dual of the image of the relative smooth 
structure class in the homology of the base. This proposed definition agrees with the fol- 
lowing recent theorem of Badzioch, Dorabiala, Klein and Williams [2] but the two results 
do not imply each other, even if the definitions were known to agree, since the absolute 
higher torsion (DWW or IK) is not always defined. 

Theorem 0.3.1 (Badzioch, Dorabiala, Klein and Williams). Suppose that M — > B is a 
smooth unipotent bundle (Definition \1.3.1\) . Then, for all k > 0, the degree Ak smooth 
DWW-torsion invariant of M is proportional to the IK-torsion: 

r DWW (M) = AfeT IK (M) £ H ^ {B . R) 

for some nonzero real number depending only on k. 

Remark 0.3.2. Dwyer, Weiss and Williams originally defined their higher smooth torsion in 
the case where the action of tt\B on the homology of the fiber X is trivial. This definition 
was later extended by Badzioch, Dorabiala and Williams [3j to the unipotent case where 
H*(X;Q) has a filtration by 7Ti-B-submodules so that the associated graded module has 
a trivial action of n\B. In [2 J Badzioch, Dorabiala, Klein and Williams show that this 
extended theory satisfies the axioms for higher torsion given in [18J. Since these axioms 
characterize exotic higher torsion invariants up to a scalar multiple, the formula t^, ww = 
\k T 2k aDove holds for all smooth unipotent bundles. 

The relation between Theorem 10.3.11 and our second main theorem 10.1.21 is very roughly 
as follows. Given two smooth structures M,M' on the same unipotent bundle M — s> B, 
the two difference torsion invariants are defined and equal to the difference between the 
absolute torsions of M, M'\ 

r DWW (M',M) = r DWW (M') - r DWW (M) 

r IK (M', M) = t 1k (M') - r IK (M) 

This is proved in [T7] for the case of r IK and should be fairly straightforward to prove in 
the case of r DWW if the relative DWW-torsion is defined correctly. Therefore, Theorem 
10.3.11 implies that these difference torsions are proportional in the case when the bundles 
are unipotent. 

Our Theorem 10.1.21 could be interpreted as giving a conceptual definition of the higher 
DWW-difference torsion in terms of DWW-smoothing theory, showing that it is equal to 
the higher IK-difference torsion defined using Morse theory. We believe that our version of 
DWW-difference torsion (defined as the Poincare dual of the image of 0(M', M) in H^ 9 (B)) 
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is equal to r DWW (M') — r DWW (M). By our Theorem 13.0.81 this would be equivalent to 
showing that the proportionality constant in the theorem of Badzioch, Dorabiala, Klein and 
Williams is equal to 1: 

A fc = l 

so that t dww = r IK ! However, we do not attempt to prove this here. 

When the fibers are closed even dimensional manifolds, the theorem above still holds by 
Corollary 13.0.101 However, the relative higher torsion class r IK (M',M) is equal to zero in 
that case: 

r IK (M', M) = t ik (M') - r IK (M) = 

since r IK (M) depends only on the vertical tangent bundle of M over B by |18j and M' has 
the same vertical tangent bundle as M by definition of tangential homeomorphism. This 
leads to the following conjecture. 

Conjecture 0.3.3 (Rigidity conjecture). The stable smooth structure class vanishes when 
the fiber is a closed oriented even dimensional manifold: 

G(M',M) = 

In other words, rationally stably, there are no exotic smooth structures on manifold bundles 
with closed oriented even dimensional fibers. 

Theorem 10.1.21 implies that Q(M',M) must lie in the kernel of the map in the closed 
even dimensional fiber case since the higher relative torsion is zero in this case. The AdT 
construction shows that M x I admits exotic smooth structures if the fiber dimension of 
M X I — > B is sufficiently large and odd. 

0.4. Acknowledgments. Research for this project was supported by the DFG special 
programme "Global Differential Geometry" and the National Science Foundation. An ear- 
lier version of this work was presented at the 2006 Arbeitsgemeinshaft at Oberwolfach on 
"Higher Torsion Invariants in Differential Topology and Algebraic K-Theory." This was a 
very helpful and enjoyable meeting at which Bruce Williams gave us his famous notes on 
smoothing theory [23] which we have expanded into a joint paper [TTJ giving a thorough 
exposition of the background material used in this paper. The American Institute of Math- 
ematics in Palo Alto helped us to finish this project by hosting a workshop on higher torsion 
in 2009. This was a very productive meeting for which the directors of AIM deserve a lot 
of credit for keeping us focused. The second author would also like to thank the organiz- 
ers of the CMS meeting at Fredericton, New Brunswick in June, 2010 for the opportunity 
to present the first completed version of this paper. Finally, we would like to thank the 
referee for many helpful suggestions, both in exposition and content of this paper and the 
companion paper [TTJ. 

1. Hatcher's example 

Hatcher's famous construction gives smooth disk bundles over S 4k which are homeomor- 
phic but not diffeomorphic to S 4k x D n . The exact statement is given below. 
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1.1. Homotopy theory. John Klein helped us to find the lowest dimension in which this 
part of the construction works. 

Suppose that B is a compact smooth g-manifold with q and dB = d$B \Jd\B as before. 
Let 

/ : B/d B -> G/O 

be a continuous map, i.e., / is a continuous mapping on B which sends OqB to the basepoint 
of G/O, the fiber of BO — > BG. This classifies a stable vector bundle over B which is trivial 
over 8qB and trivial over B as a spherical fibration. Take n > q + 1. Then BO n — ) BO is 
q + 1-connected and therefore this stable vector bundle is given by a unique oriented n-plane 
bundle £ over B which is trivial over 8qB. 

We will show that the sphere bundle S n ~ l (£) — > B of £ is fiber homotopically trivial. 
Since G/O is simply connected, we may assume that q>2 and thus n > 3. 

Remark 1.1.1. Since G/O is rationally homotopy equivalent to -BO, the Chern characters 
of all real vector bundles £ obtained in this way will span the vector space 

H 4k (B,d B;R). 

0<k<q/4 

Recall that G n is the topological monoid of all unpointed self-homotopy equivalences 
of S" 1-1 . Taking unreduced suspension we get a mapping G n — > F n where F n C Q n S n is 
the union of the degree ±1 components. It follows from a theorem of Haefhger |T2j that 
(F n , G n ) is 2n — 3 connected (2n — 3 > n > q + 1). Furthermore, the components of £l n S n 
are all homotopy equivalent and TTkBG n = -Kk-iG n = -Kk-iF n is stable and thus finite for 
k < n. (This also follows from the EHP sequence.) Therefore, 

[B/d B,BG n ] [B/d B,BG] 

for n > q. So, the composition 

B/d B ^ BO n -> BG n 

is null homotopic for n > q. This implies that the sphere bundle S n ~ l {£/) associated to £ is 
fiberwise homotopy equivalent to the trivial bundle: 

g : S' n - 1 (0 k S 11 - 1 x B 

and this trivialization agrees with the given trivialization over DqB. 

Take the fiberwise mapping cone of g. This gives a fibration over B whose fibers are 
contractible n-dimensional cell complexes which are homeomorphic to the standard n-disk 
over 8qB. When we thicken this up we will get an exotic smooth structure on a trivial disk 
bundle over B. 

Remark 1.1.2. For any space X recall [HQS] that J(X) is the group of stable vector bundles 
over X modulo the equivalence relation that £ ~ ij if the sphere bundles over £ and rj are 
fiberwise homotopy equivalent. The group operation is fiberwise join which corresponds 
to direct sum of underlying bundles. If £ is any vector bundle over X then </(£) denotes 
its image in J(X). If X is a finite complex then it is well known that J(X) is a finite 
group. (See, e.g. [13J.) The above argument shows that if J(£) is trivial in J(B/doB) and 
dim£ > dim 5 then the sphere bundle of £ is fiberwise homotopically trivial. 
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1.2. Thickening. We have a family of finite cell complexes over B which we want to 
thicken to get a manifold bundle. If we embed this fibration in D N x B and take a "regular 
neighborhood" we will get a smooth N disk bundle over B which is homeomorphic but not 
diffeomorphic to D N x B. 

We start by thickening the trivial sphere bundle 5 n_1 xBto get 5 n_1 x 7 x D m x B. This 
is the trivial bundle over B with fiber S^ 1 x 7 x D m . We also need this to be embedded in 
a trivial disk bundle D n x D m x B in a standard way. We will take the obvious embedding 

/ : S^ 1 xIxD m ^ D2 x D m 

given by f(x, y, z) = ((1 + y)x, z) where D% is the n-disk of radius 2. Then the closure of the 
complement of the image of / in Dlj x D m is D n x D m . Note that S 71 ^ 1 x x D m is mapped 
into S 1 ™ -1 x D m , the side of the "donut hole". We also need a fixed orientation preserving 
embedding i : D n+m S" n_1 x 7 x 7J> m which we call the basepoint disk. Assuming that 
n > 2, j is unique up to isotopy. 

We attach an n-handle D n (£) © D m (n) to this (with ?y necessarily being a complementary 
bundle to £) to fill in the donut hole and create a smooth (after rounding corners) bundle 
over B with fiber 

S"" 1 x 7 x D rn U D n x 7J> m = 7> n+m 

The data needed to attach such a handle embedded in 7J>2 x 7J* m xBisa smooth embedding 
of pairs 

D(j) : (D n (0, S n -\0) © -> (D n , S* 1 - 1 ) xD m xB 




i(D n+m ) 



D(j)(D n (0 x 0) 

This embedding D(j) is essentially given by j its restriction to the core 7? n (£) x 0. 
Lemma 1.2.1. If m > n > q then there is a smooth fiberwise embedding of pairs: 

j : OD n (0,S n-1 (0) -> ( J D n ,^ n_1 ) x D m x B 

over B which is the standard embedding over 8qB and which is transverse to S n x D m . 
Furthermore, if m > q + 3 then this fiberwise embedding will be unique up to fiberwise 
isotopy. 

Proof. When q = 0, this holds by transversality. So suppose q > 0. We use [HI Thm 6.5] 
which says that the inclusion 

Vmb{{D n ,S n - l ),{W n+m ,doW)) -> Map((L> n ,5 n - 1 ),(^ n+m ,a VK)) 

of the smooth embedding space into the mapping space is c-connected where 

c = m — n — 1 + min(s, n, m — 2, n + m — 4) 

and s is the connectivity of the pair (W, doW). In our case s = n — 1. So the condition 
m > n > q > implies that c > q giving the existence part of the lemma and if m > q + 3 
then either m>n + 2orn>g + 2 and we get c > q which implies the uniqueness part. □ 
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The embedding j gives an m-dimensional normal bundle ry for £ and a smooth codimen- 
sion embedding 

D(j) : D n (0 © D m (r]) D n x D m x B 
Restricting this to dD n {^) © D m {rj) we get a fiberwise embedding 

S{j) : S n -\0 © D m (r?) -> xD m xB 

We can use to construct a smooth bundle (with corners rounded): 

E n > m (£) = D n {i) © D m (i]) U s{j) S^ 1 xIxD m xB. 

We can also use D{j) to embed this in the trivial disk bundle of the same dimension: 

F(j) = D(j) U f B : E n ' m (0 ^ m x D m x B 

where fs = f x ids- This is Hatcher's example. Since m > q, the m-plane bundle r\ 
is the stable complement to £ and is thus uniquely determined. If m > g + 3 then, up 
to fiberwise diffeomorphism, E(£) is independent of the choice of j. Finally, we note the 
crucial point that the bundle E(£) is canonically diffeomorphic to the trivial bundle over 
9qB. 

1.3. Higher Reidemeister torsion. We will briefly review the definition and basic prop- 
erties of higher Reidemeister torsion invariants following j!8j . in particular the handlebody 
formula Theorem 11.3.101 Then we will use these formulas to calculate the higher IK-torsion 
for Hatcher's example. The analytic torsion of Hatcher's example is computed in [9] as an 
application of the handlebody formula for analytic torsion proved in that paper. 

Definition 1.3.1. A smooth bundle M B with compact oriented manifold fiber X 
and connected base B is called unipotent if the rational homology of the fiber fl*(X;Q), 
considered as a 7Tii?-module has a filtration by submodules so that the action of tt\B on 
the subquotients is trivial. For example, any oriented sphere bundle is unipotent. 

Definition 1.3.2. A higher torsion invariant is a real characteristic class r(M) € 
H 4 *(B;W) of smooth unipotent bundles M — > B with closed fibers satisfying the following 
two axioms. 

(Additivity) Suppose that M = Mq U Mi where Mq, Mi are unipotent compact manifold 
subbundles of M which meet along their fiberwise boundary Mq n M\ = 8 v Mq = d y M\. 
Then 

t(M) = ^t(DM ) + ^t(DMi) 

where DMi is the fiberwise double of Mj (the union of two copies of Mq along their fiberwise 
boundary). 

( Transfer) Suppose that M — > B is a unipotent bundle with closed fibers and <S ,?1 (£) — > M 
is the sphere bundle of an SO(n + l)-bundle £ over M. Then S n (^) is a unipotent bundle 
over both M and B and thus has two higher torsion invariants tm,tb- These are required 
to be related as follows. 

r B (S n (0) = X (S n )r(M)+trfi(T M (S n (0)) 

where \ is Euler characteristic and tr^ : H*(M) — >■ H*(B) is the transfer. (See |18j for 
more details.) 

Theorem 1.3.3. [18] If M — > B has closed even dimensional fibers then any higher torsion 
invariant t{M) depends only on the fiberwise tangential homeomorphism type of M . In 
other words, for any exotic smooth structure M' for M, we have t(M') = r(M). 
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Remark 1.3.4. Any higher torsion invariant can be extended to unipotent bundles M —> B 
with compact oriented fibers using the following formula. 

r(M) := ^t(DM) + ^r(0 v M) 
The sign is positive (+) since the double DM has only one copy to d y M. 
We say that a higher torsion invariant r is stable ( "exotic" in [18] ) if 

r(M) = t(D(0) 

for any oriented linear disk bundle over M considered as a unipotent bundle over B. 

Theorem 1.3.5. [18] The higher IK-torsion r IK is a stable higher torsion invariant. Con- 
versely, any stable higher torsion invariant is proportional to r IK with a possibly different 
proportionality constant in each degree 4k (and is zero in other degrees). 

Theorem 1.3.6 (Badzioch, Dorabiala, Klein and Williams). The DWW -higher smooth 
torsion is a stable higher torsion invariant. Consequently, it is proportional to IK-higher 
torsion in every degree. 

Remark 1.3.7. Analytic torsion does not satisfy the stability condition and is therefore not 
proportional to IK-torsion or DWW-smooth torsion. See [10J for a precise formula relating 
Bismut-Lott analytic torsion to IK-higher torsion. 

In |18] it is shown that the three properties: Additivity, Transfer and Stability imply 
that the higher torsion of any linear sphere bundle is proportional to the Chern character. 
For IK-torsion the proportionality constant is given by the following definition. 

Definition 1.3.8. If £ is a real vector bundle over B, we define the normalized Chern 

character of £ to be the real cohomology class ch(£) = X}fc>o c ^4fc(£) wriere 

d»4k(f ) = (-l) fc C(2fc + l)f cM£ ® C) G H 4k (B; E) 
and C is the Riemann zeta function. 

Theorem 1.3.9. [19] For any linear oriented sphere bundle S n (t;) — > B, we have 

r 1K (S n (0) = (-l) n ^(0 

To calculate the higher torsion of Hatcher's example, we use the following formula. 
Suppose that a smooth bundle M — > B has a fiberwise handlebody decomposition: 

where are oriented vector bundles over B of dimension ni,mi and D ni {^i) © D mi (r]i) 
is attached to lower handles along S' ni_1 (^j) © D" 1 ^^). In other words, D ni (£i) © D mi (r/j) 
is an nj-handle with core D ni (^i). 

Theorem 1.3.10. The higher IK-torsion of the fiberwise handlebody M is given by 

r IK (M) = £(-l)»^(fc) 

Remark 1.3.11. This theorem is proved in [18], Lemma 6.6, inductively on the number of 
handles using the relative additivity property: 

r IK (M U D n (0 © D m ( V ),M) = (-l) n di(0 
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when the n-handle © D m (rj) is attached to d v M along S 71 ' 1 ^) © D m (rj) by any 

fiberwise embedding. We will also use this relative formula. Note that the n-handle is 
actually th pair (D n (£) © D m (rj), S™" 1 ^) D m (n)). But we refer to D n (() © D m (rj) as the 
n-handle with base S" 1 ' 1 ^) © D m (r]). 

The following theorem summarizes Hatcher's construction and gives its two main prop- 
erties proved below. 

Theorem 1.3.12. Suppose that B is a smooth q-manifold and m > n > q. Suppose 
that £ is an n-plane bundle over B which is trivial over d$B C dB so that J(£) = € 
J(B/d()B). Then Hatcher's construction gives a smooth bundle E n ' m (^) over B with fiber 
F) n+m . Furthermore: 

(1) This bundle is fiberwise diffeomorphic to the trivial bundle over 8qB and fiberwise 
homeomorphic to the trivial bundle over B with fiber D n+m . 

(2) The higher IK-torsion is given by 

T lK {E n,m {0) = { _ lT ~ m 

Proof. The higher torsion calculation follows from Theorem 11.3.101 since E n ' m {^) is given 
by attaching the n-handle D n (£) © D m (n) to a trivial bundle. 

The bundle is topologically trivial by the Alexander trick. (The topological group of 
homeomorphism of the disk F> n+m which are the identity on the southern hemisphere is 
contractible.) □ 

Take q = 4k, n = 4fc + 1, m > 4k + 2,B = S 4k and using the well known fact that the 
order of the image of the J-homomorphism J : TT^k-iO —> 7r|t_ij which we denote a^, is the 
denominator of B^j4k where B^ is the k-W\ Bernoulli number [1], we get the following. 

Corollary 1.3.13. For any k > 0, N > 8fc+3 Hatcher's construction gives a smooth N-disk 
bundle over S 4k which is tangentially homeomorphic to D N x S 4k but has higher IK-torsion 
invariant G H 4k (S 4k ; M) equal to ((2k + l)au times the generator of iJ 4fe (S 4fc ;Z) for k 
odd and half of that number when k is even. In both cases this gives a nontrivial element 
0fir ik ^Diff(D N )/O N ®R. 

Proof. It follows from Bott periodicity ([6], [13|. 18.9]) that the Chern character of the stable 
complex vector bundle over S 2k corresponding to a generator of 7T2kBU = Z is equal to a 
generator of H 2k (S 2k ;7j). Also, the homotopy fiber sequence BO — > BU — > ft® BO given 
by the inclusion map O U implies that the generator of tt^BO maps to the generator of 
TT4kBU for k even and to twice the generator when k is odd. The generator of the kernel of 
the J-homomorphism is a k times this element. By the theorem above, the higher torsion 
of this exotic bundle is given by multiplying this element by \((2k + 1) giving the formula 
in the corollary up to sign. We can make the sign positive by taking the other generator of 
the kernel of the J-homomorphism in Hatcher's construction. □ 

2. Variations of Hatcher's construction 

We need several variations and extensions of Hatcher's construction in order to construct 
a full rank subgroup of the group of all possible tangential smooth structures on a smooth 
manifold bundle with sufficiently large odd dimensional fibers. The idea is to construct 
"positive" and "negative" "suspensions" of Hatcher's basic construction which will cancel. 
We call this the "Arc de Triomphe" construction due to the appearance of the figures used 
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to explain the construction. Since the stabilization of bundles with even dimensional fibers 
includes bundles whose fiber dimensions are arbitrarily large and odd, this construction also 
produces "all" stable tangential smooth structures on bundles with even dimensional fibers. 

2.1. Arc de Triomphe: basic construction. There are two "suspensions" of E n,m to 
one higher dimension. We will see that their union is trivial: 

^n,m+lf^\ |j ^n+l,m/£\ ^ j^n+m+l x g 

This is in keeping with the calculation of their higher torsions: 

T IK(£n,m+l^ +r IK(£n+l,m(£)) = + (_1)"+1^(£) = Q 

and the handlebody theorem 11.3.101 which implies that the higher torsion of a union of 
fiberwise handlebodies is the sum of torsions of the pieces. 

The positive suspension of E n ' m {^) is defined simply as the product (with corners 
rounded) : 

a + E n ' m (0 = E n ' m {i) x I 

An examination of the definitions shows that this is the same as E n,m+l {^). 

The negative suspension of E n ' m (^) uses the embedding F(j) = D{j)\Jfs ■ E n,m (^) 
L>2 x D m x B and is defined as follows. 

a-E n > m (£) = D% x D m x [-1, 0]xB U F(i)x0 E n > m (£) x / U F(j)xl D% x D m x [1, 2} x B 

This is a subbundle of DV; x D m x [-1,2] x B. We claim that a-E n > m (£) is a model for 
E n+1,m (t;) over B in the sense that the construction of E n+1 ' m (^), which may not be unique, 
could give o~-E n ' m (£). (We view £ as a stable vector bundle.) Lemma 11.2.11 then tells us 
that we have uniqueness after stabilizing just once: 

a _E n > m (g) x I ^ E n+1 ' m {i) xl = E n+1 ' m+ \£) 

since m + 1 > q + 3. To verify this claim note that <r_I? n ' m (£) contains the trivial bundle 
over B with fiber 

F = D n x D m x [-1, 0] U S 71 - 1 xl xD m x [0, 1] U D n x D m x [1, 2] 

which is diffeomorphic to S n x £) m+1 after its corners are rounded. On this is attached the 
n + 1 handle £> n (£) D m (r]) x I which is equivalent to £> n+1 (£) D m (rj) after corners are 
rounded. Since Z) n+1 (£) is the core of this handle, the result is E n+1,m {^). 

When we take the union of the positive and negative suspensions of .E' n ' m (£), they cancel. 
This will follow from the following lemma which does not require proof. 

Lemma 2.1.1. Suppose that Eq,E\ are compact smooth manifold bundles over B with the 
same fiber dimension. Let f : Eq — > E\ be a smooth embedding over B. Then 

E x [0,1] U /Xl £i x [1,2] 

is fiberwise diffeomorphic to E\ x I after rounding off corners. 

Remark 2.1.2. The example that we have in mind is 

E n '™(£) x [0, 1] Up (j)xl D n x D m x [1,2] x B ^ D n x D m x I x B 

We denote the construction on the left by V n ' m (^). 

Next we use another trivial lemma: 
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Lemma 2.1.3. Suppose that d y E\ = OqEi \Jd\E\ where diE\ are smooth manifold bundles 
over B with the same fiberwise boundary. Let f,g : OqEx — > 8 v Eq be smooth embeddings 
over B which are fiberwise isotopic. ThenEoUfEi and EqUqEi are fiberwise diffeomorphic 
over B after rounding off the corners. 

In our example, OqEx will be a disk bundle. So, we need the following well-known lemma. 

Lemma 2.1.4. Suppose that D,Dq are smooth n-disk bundles over B so that Dq is a 
subbundle of D which is disjoint from the fiberwise boundary d v D. Let E — )• B be another 
smooth manifold bundle with fiber F. Then any two fiberwise embeddings D E over B 
are fiberwise isotopic if and only if their restrictions to Dq are fiberwise isotopic. 

Proof. Necessity of the condition is clear. To prove sufficiency, it suffices to show that there 
is an isotopy of D into Dq, i.e., a smooth family of embeddings ft : D —> D over B so that 
/o is the identity and fi(D) C Dq. Then, for any two embeddings g,h : D — )• E whose 
restrictions to -Do are fiberwise isotopic, we can first compose these embeddings with the 
isotopy ft then use the given isotopy g\DQ o f 1 ~ H\Dq o f 1 . 

To construct the isotopy ft we triangulate the base and construct the isotopy over the 
simplices one at a time and use the isotopy extension theorem. For each q > —1 we will 
construct an embedding f g :D—^D over B with the following two properties. 

(1) f q is fiberwise isotopic to the identity map ido- 

(2) fq(D) is contained in intDo, the fiberwise interior of Dq over B q , the g-skeleton of 
B under the triangulation. 

Start with q = — 1 when B^ 1 = 0. Then /_i = ido satisfies all conditions. Now suppose 
that q > and f q ~\ has been constructed. Then on each g-simplex A q of B, the bundle 
pair (D, Dq) is trivial. So we may assume they are product bundles 

(D,D )\A q = (I>2 x A q , D n x A q ) 

where D% is the disk of radius 2 in M. n . We are given that f q -i sends D into intDQ over 
dA q . Since f{D) C intDQ is an open condition, this also holds over a neighborhood of 
dA q . Then there is no problem finding an isotopy of f q ~\ to some f q over B q fixing a 
neighborhood of B q ~ l so that f q sends D into intDQ over B q . By the isotopy extension 
theorem, this isotopy extends to an isotopy over all of B completing the induction. When 
q reaches the dimension of B, we are done. □ 

We use Lemmas 12.1.31 and 12.1.41 for 

Ex = E n > m (0 x [0, 1] u mxl L>« x D m x [1, 2]xB 

8qEx = E n > m (£) x and E = M x [-1,0] with 

M = E n > m (£) U hB Z?2 x D m x B 

where hs = h x ids and h is an orientation reversing diffeomorphism of a disk D l+m ~ 1 
embedded in d(D% x D m ) onto another disk J D"+ m " 1 embedded in S^ 1 x 1 x D m (the 
outside surface of the donut). The pasting map h needs to be orientation reversing in order 
for orientations of the two pieces to agree. Assuming that n > 2, h is unique up to isotopy. 
And it is a special case of Lemma 12.1.11 that M is fiberwise diffeomorphic to E n,m {^). 

Note that both pieces of M contain the product bundle S 71 ^ 1 x I x D m x B and each of 
these contains a basepoint disk. We call the two embeddings io,ix '■ D n+m x8-f M. Since 
these two embeddings have image in the product bundle 

(S 11 - 1 xl xD m U h Dl x D m ) xB CM 
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which has connected fibers and since io,H are equal to fixed orientation preserving em- 
beddings on every fiber, the two embeddings are isotopic and therefore the two bundle 
embeddings io,ix are fiberwise isotopic. 

As an example of Lemma 12.1.31 take the mapping / : d^Ex — > 8 v Eq to be the inclusion 
map 

/ : £ n ' m (£) xOCMxOC d v E 
and g : d^E\ — > 8 v Eq to be the embedding: 

g : E n ' m (C) x ^\ D% x D m x B C M x C d v E 

We claim that / and g are fiberwise isotopic. To see this we restrict both maps to the 
basepoint disk i(D n+m ) x B C S 71 ' 1 x / x D m x B C £ n ' m (£) x 0. The restriction of / to 
the basepoint disk is io and the restriction of g to the basepoint disk is i\. We have just 
seen that io and i\ are fiberwise isotopic. Therefore, by Lemma [2. 1.41 / and g are fiberwise 
isotopic. Therefore, by Lemma 12.1.31 

M x [-1, 0] U f Ei = M x [-1, 0] U g E x 

where = indicates fiberwise diffeomorphism over B. But, when we attach E\ on top of 
D n x D m x B x [—1, 0] using the map F(j) we get exactly the negative suspension a-E n ' m (^). 
So, we have a diffeomorphism which preserves all the corner sets: 

M x [-1,0] U, Ex = a_E n > m (0 U hB a + E n ' m (C) 

and 

M x [-1, 0] U f E t = V n > m {£) U hB Dl xD m xBx [-1, 0] D n+m+1 x B 

where V n,m {^) is given in Remark 12.1.21 Since h is unique up to isotopy, any two choices 
of h will produce fiberwise diffeomorphic bundles. So we get the following. (See Figure [27TI 
The notation E\ = A n ' m (£ t ,r]) is from subsection 12.31 ) 

Proposition 2.1.5 (basic cancellation lemma). The oriented union of the positive and 
negative suspensions of E n ' m (^) glued together along fixed n + m disk bundles in the fixed 
parts of their boundary is fiberwise diffeomorphic to the trivial n + m + 1 disk bundle over 
B: 

a-E n ' m (0 U hB a + E n ' m (0 D n+m+l x B. 



2.2. Twisted version. Remark II. 1.1 1 above and the main theorem (Corollary 2.2.2) of [TT] 
show that, rationally stably, all exotic smooth structures on trivial disk bundles are given 
by Hatcher's example. Now we consider nontrivial disk bundles. 

Stably, it is easy to construct exotic smooth structures on nontrivial linear disk bundles. 
If we start with any vector bundle £o over B which is trivial over d$B, we can take the 
associated disk bundle D n (£q). The fiberwise product 

D N (£ )(BE n ' m (Z) 

with corners rounded is a smooth disk bundle fiberwise homeomorphic to D n (£q) x D n+m 
with the same higher torsion as E n ' m {^) since IK torsion has the property that it is invariant 
under passage to linear disk bundles. 
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Figure 1 . Positive and negative Hatcher handles are cancelled using Arc de Triomphe 
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Corollary 2.2.1. Given any linear disk bundle D (£o) over B which is trivial over d$B, 
the collection of all stable smooth structures on D n (£q) given by Hatcher's construction 
spans the vector space 

7r S s Btdo (D N (^)) <g>]R = H A *(B, d B) 

Now we give the unstable version of the last corollary and use it to define "Hatcher 
handles". Suppose that (B,doB) is a manifold pair as before with dimB = q. Let £,rj 
be vector bundles over B of dimension n, m so that £ is trivial over 8qB and J(£) = € 
J(B /DqB). As in Lemma ll.2.11 we have the following. 

Lemma 2.2.2. If m > n > q then there is a smooth fiberwise embedding of pairs: 

j : (D n (H),S n -\0) -> (D^S™- 1 ) x D m (i]) 
over B which is a standard linear embedding over 8qB and which is transverse to S 11 ^ 1 x 
D m (rj). Furthermore, if m > q + 3 then this fiberwise embedding is unique up to fiberwise 
isotopy. 

Let r/Q be the unique m-plane bundle over B so that £®?7o — e n ©?7 where e n is the trivial 
n-plane bundle over B. Then the embedding given by the lemma thickens to a codimension 
fiberwise embedding 

(D(j),S(j)) : (D n (O,S n -\O)®D m ( V0 ) (D^S^ 1 ) x D m (n) 

which is a standard linear embedding over 8qB. Let £" 1 ' m (£, rj) denote the n+m disk bundle 
over B given by 

E n > m {t, n) = D n (0 e D m ( m ) u SU) s n - 1 x / x D m (r,) 

with corners rounded. Up to fiberwise diffeomorphism, this is independent of the choice of 
g if m > q + 3. As before we have a fiberwise embedding F(j) : E n ' m (^, rj) D n x D m (rj) 
and we can define the positive and negative suspensions of E n,m {^) to be 

which is fiberwise diffeomorphic to E n,m+1 (S,, rj) after corners are rounded and 

o--E n > m (ti,v) = D n x D m ( V ) x [-1,0] U Fmo E n > m (tv) x JU F(j - )xl D n x D m ( n ) x [1,2] 

which is a model for E n+1,m (£, rj). As before, the Framing Principle implies that the higher 
IK-torsion of this bundle is the normalized Chern character (Def. II. 3. 8ft of £: 

Theorem 2.2.3. E n,m {£ > ,rj) is a smooth n + m disk bundle over B which is fiberwise 
diffeomorphic to the linear disk bundle D n+m (rj) over OqB and fiberwise homeomorphic to 
D n+m {rj) over B. Furthermore, 

T lK (E n - m {i,v)) = {-l) n di{i) £ H 4 '(B,d B) 

Remark 2.2.4. This theorem can be stated as the commutativity of the following diagram: 

G(B,8 B) 

7r S s BA) (D(n)) T - ^H*'(B,d B) 

where G(B, doB) is the group of all homotopy classes of pointed maps £ : B/8qB — > G/O. 
Here E n {—,rj) is the map which sends £ to the direct limit of E n ' m {^,rj) as m goes to oo. 
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Since the torsion of a linear disk bundle is trivial, the torsion of the disk bundle E n,m {^, rj) 
is equal to the torsion of the /i-cobordism bundle given by deleting a neighborhood of a 
section. The fiberwise boundary of E n,m {^,r)) is a smooth n + m — 1 dimensional sphere 
bundle over B which is fiberwise tangentially homeomorphic to the linear sphere bundle 

Corollary 2.2.5. Suppose that n + m — 1 is odd. Then the vertical boundary d v E n ' m (^,rj) 
of this disk bundle is a smooth sphere bundle which is fiberwise tangentially homeomorphic 
to the linear sphere bundle S m+n ~ 1 (r]) and fiberwise diffeomorphic to this bundle over d$B 
and the difference torsion is twice the normalized Chern character of £: 

r IK (5 v S n ' m (e,r ? ),5 n+m - 1 (r ? )) = (-l) n 2ch(Q € H A '(B,d B) 

In particular, assuming that £ is rationally nontrivial, this gives an exotic smooth structure 
on S ,n+m - 1 (7?). 

Proof. For oriented sphere bundles, the absolute torsion is defined and the difference torsion 
is just the difference: 

r K (a v B n ' Tn (e j f7),5 n+m - 1 (»7)) = T lK {d v E n ' m (^ v )) - r IK ( < S n+m - 1 (7?)) 

Each term can be computed using the equation 

t(E) = \T{d y E) + \t{DE) 

where DE is the vertical double of E. (See Remark ll.3.41 ) If we take E to be the linear disk 
bundle E = D n+m (rj), then the triviality of the Igusa-Klein torsion for linear disk bundles 
implies that 

r IK (5 n+m - 1 (7 ? )) = -T lK (S n+m ( V )) 

If we take E = E n ' m (^,rj), then the fiberwise double DE, having closed even dimensional 
manifold fibers, has the same higher torsion as the linear sphere bundle S n+m {rj) (by The- 
orem 11.3.31 since n + m is even) : 

T lK (d v E n ' m (£, V )) = 2r IK (£ n ' m (£,7 ? )) -T lK {S n+m {r,)) 

The relative torsion is the difference: 

7 JK (0 v E n > m (£ > f7)) -T^iS^™- 1 ^)) = 2r IK (£ n - m (£,/?)) = (-l) n 2^(£) 

by Theorem 12.2.31 above. □ 

2.3. Hatcher handles. Suppose that p : M — > B is a smooth manifold bundle whose fiber 
dimension is N = n + m where m > n > q. Let s : B — > M be a smooth section of p with 
image in the fiberwise interior of M. Since m = N — n > q+1, the space of n frames in 1^ 
is q + 1-connected. So there exists a smooth fiberwise embedding / : D n x B — > M equal 
to s along the zero section and / is uniquely determined up to isotopy by s. Let r] be the 
vertical normal bundle to the image of / in M. This is the unique m plane bundle over 
B which is stably isomorphic to the pull back along s of the vertical tangent bundle of M. 
Then / extends to a fiberwise embedding 

(2.1) D(s) : D n x D rn (rj) ^ M 

whose image is a tubular neighborhood of the image of the section s and D(s) is determined 
up to isotopy by s. We will use this embedding D(s) to attach positively and negatively 
suspended Hatcher disk bundles to the top M x 1 of the bundle M x I — > B. We call these 
positive and negative Hatcher handles. We will also show that, when the negative Hatcher 

19 



handle is attached on top of the positive Hatcher handle, they form the Arc de Triomphe 
which cancels. 

To visualize these three situations, it may help to think of the positive Hatcher handle 
as two balls attached together on a string with one ball attached to the ground. This 
configuration is topologically contractible to its attachment point on the ground but not 
smoothly (Figure [2]) . The negative Hatcher handle resembles the handle on a briefcase with 
a flexible membrane filling in the "hole" . This is also topologically contractible to the base 
(the briefcase) but not smoothly (Figure [3]). The Arc de Triomphe resembles the hook on a 
coat hanger together with a semicircular membrane attached only to the curved part of the 
hook. This is smoothly contractible since the membrane smoothly deforms into the metal 
part and then the metal hook smoothly contracts to the base (Figure H|) . The term "Arc 
de Triomphe" may be misleading since this structure has one end up in the air and only 
the other end attached to the ground along a "stem". The Arc de Triomphe and negative 
Hatcher handles are diffeomorphic but they have different properties since the former is 
attached trivially and the latter is attached nontrivially to the base. 

2.3.1. Positive Hatcher handles. Let ho : Dq 5 n_1 x I be a fixed smooth embedding 
where Dq = D n is a copy of the standard n-disk. Taking the product with D m (rf) we get a 
fiberwise embedding of Dq x D m (r]) into E n,m (^,rj): 

h = h x id Dm(v) : DZ x D m {r,) S^ 1 xlx D m (r]) C E n > m (£,ri) 

We define the positive Hatcher handle to be the pair (B n ' m (£ t ,r]),doB n ' m (£ i ,r])) where 

B* m (Z,r,) = Dq x D m ( V ) x I U hxl E n > m (£, V ) x [1,2] 

and doB n,m (^, rj) = Dq x D m (r/) x 0. We can attach B n,m (^, rj) to M x I along any fiberwise 
embedding D{s) : <9o-B n ' m (£, rj) — )■ M x 1 where s : B — > M is a smooth section of M as in 
(12. lj) above. The result will be denoted: 

El' m {M,s,0 = MxIU D{s) #"•"(£, r?) 

Since the bundle pair (B n ' m (^,rj),doB n ' rn (^,r])) is fiberwise homeomorphic to the disk 
bundle pair D n x D m {rj) x (1,0), the bundle i?™' m (M, s, £) is fiberwise homeomorphic to 
the bundle M x I. However, E,' (M, s, £) is a smooth bundle (when corners are rounded) 
whose fibers are /i-cobordisms. 



E* m (S, v ) x [1,2] 




Dq x D m (r]) x I 



Figure 2. (Positive Hatcher handle) The positive suspension a + E n ' m (^,r]) 
is attached to the top M x 1 of M x I by the "stem" D^ x D m (ri) x I. 



j" 



Theorem 2.3.1. Let T be a closed fiberwise tubular neighborhood of s(B) in M . Then 
there is a fiberwise homeomorphism M x I — > E+ m (M, s,£) which is the identity (and 
thus a diffeomorphism) on M x and a diffeomorphism on the closure of (M — T) x I. 
Furthermore the difference torsion is the same as the IK-torsion of E n,m {^,rj): 

r IK (E n + > m (M,s,0,Mx I) = r IK (E^ m (tv)) = (-l) n ^(£) G H 4 '(B,d B) 
Remark 2.3.2. This theorem can be viewed as the commutativity of the diagram: 

G(B,d B) 

,E?(M,s,-) 




Let M' = diE™' m (M, s, £) be the top boundary of the /i-cobordism bundle E r ^ m {M, s, £). 

Corollary 2.3.3. M' is fiberwise tangentially homeomorphic to M and, if the fiber dimen- 
sion N = n + m of M 1 is odd, then the relative IK-torsion is equal to twice the normalized 
Chern character of ' £; 

t ik (M',M) = (-l) n 2cft(£) G H**(B,d B) 

2.3.2. Negative Hatcher handles. The negative Hatcher handle is defined to be the pair 

(A n > m (£,ri),d A n > m (£,ri)) where 

A n > m {t,n) = E n > m {t,n) x I U F{j)xl D n 2 x D m ( V ) x [1,2] 

and doA n ' m (^, rj) = E n ' m (^,T]) x 0. When we attach this to the top of M x I using the 
composite map 

E n < m (£, v ) D% x D m ( V ) ^> M 

we denote the result by 

E^ m (M, s,0 = MxI U D{s)oF{j) A n > m (t, n) 

The negative Hatcher handle is shown in Figure [3] and also in the top figure in Figure 
O where A n ' m (^,ri) = E 1 . 

Lemma 2.3.4. When we attach the negative suspension of E n ' m (^,rj) to the top of M x I 
along the map D(s) : D% x D m (rj) X 1 — )• M x 1, the result 

MxIU D(s) o--E n > m (Z,rj) 

is fiberwise diffeomorphic to E™' m (M, s,£) with higher difference torsion given by 

T lK (E™' m (M,s,0,M xl) = -T lK (E n ' m (^rj)) = {-l) n+1 ch(£) G H**(B,d B) 

Proof When we attach D% x D m (n) x [1, 2] C o-_£™' m (£, rj) to M x 1 C <9 V M x I using the 
map D(s) : D 2 x D m (rj) X 1 — > M X 1, the result is fiberwise diffeomorphic to M X I: 

M x I \J D{s) D% x D m (r]) x [1, 2] = M X I 

since we can pull D 2 X D m (rj) x I into M x I by the trivial Lemma 12.1.11 Therefore, 

Mx I U D(s) a„E n > m (t n) = MxI U D(s) D n 2 x D m (n) x [1, 2] U F(j) A n > m (d, V ) 

is fiberwise diffeomorphic to E"f l (M , s , f) = M x IU D{s)oF{j) A n ' m (^rj). 
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Figure 3. (Negative Hatcher handle) A n > m (£, rj) is attached to the top Mxl 
of M x I along its base E n > m (£, rj) x 0. 



The higher torsion calculation follows from the relative handlebody lemma (Remark 
11.3.111) . □ 

2.3.3. Cancellation of Hatcher handles. We will take the "union" of the two constructions 
given above and attach both positive and negative Hatcher handles along the same section 
s : B — > M and show that they cancel. As before, we have a smooth embedding 

D(s) : D n x D m {n) -> M 

whose image is a tubular neighborhood of s(B). Inside this disk bundle we create two 
smaller isomorphic disk bundles using embedding: 

j+,j-:D n xD m (r,)^D n xD m ( V ) 

given by j+(x, y) = (^(x+e n ),y) where e n is the last unit vector of D n and j_(x,y) = (|(a?— 
e n ),y). Since they are less than half as wide, these two embeddings are disjoint. Suppose 
that E n,m {£ > ,rj) is a Hatcher disk bundle as in the construction above. We first attach the 
positive Hatcher handle B n ' m (£ s ,rj) along its base doB n,m (^,rj) = D n x D m {rj) x to the 
top M x 1 of M x I using the fiberwise embedding D(s) o Next we attach the negative 
Hatcher handle A n > m (£,r]) to the top of M x I along its base d A n > m (£,r]) = E n ' m (£,rj) 
using the composite map 

E n ' m (Z,7)) ^ D n x D m (rj) ^ D n x D m {n) M 

Let T be the image of D(s) with corners rounded. Thus T is a £) n+m -bundle over B. Let 
S = cW be the fiberwise boundary of T. This is a sphere bundle over B. After attaching 
the positive and negative Hatcher handles to the top of M x I we get a new bundle 

W = M xJU D(s)oj _ B n ' m ^,n) U D(s)oj+oF(j) A n > m (£,T,) 

Note that since B n ' m (^,n) and A n ' m (£, rj) are both attached in the interior of T, this new 
bundle is the union of C x I and T x I U B U A where C is the closure of M — T and A, B 
denote the Hatcher handles. 
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Figure 4. (Arc de Triomphe) The negative Hatcher handle A n,m (^,rj) is 
attached on top of the positive Hatcher handle B n ' m (^,n) forming the Arc 
de Triomphe V n ' m (^, rj) which is diffeomorphic to A n ' m (^, rj) but attached to 
the top M x 1 of M x I on the "stem" D™ x D m (rj) x I. 

Proposition 2.3.5 (second cancellation lemma). W is fiberwise diffeomorphic to M x I 
after rounding corners and this diffeomorphism is the identity on C x I and on M x 0. 

Proof. The argument is almost the same as in Proposition 12.1.51 Since dQA n ' m (^,rj) = 
E n ' m (^,n) is a disk bundle attached using the same tangential data as B n ' m (^,n), there is 
an isotopy of the attaching map D(s) o j + o F(j) of the negative Hatcher handle A n,m {^, rj) 
to the mapping 

E n < m (£, rj) -> E n > m (£, rj) x 1 C (£™' m (£, n) U D'£ x D m {r,)) xl = B n ' m (£, ri) 

placing A n,m (^, rj) onto the top sides E n ' m (^, rj) x 1 of the positive Hatcher handle B n ' m (^, n) = 
E n ' m (^,r]) U Dq x D m {rj) x I. After moving the attaching map, A n,m (£ t ,rj) is attached on 
top of E n,m (^,r]) x / and their union is 

V n ' m (t n) = E n > m (£, rj) x / U A n > m (£, V ) = E n ' m (£, rj) x [0, 2] U x A n - m (£, rj) 

which is attached on M x 1 along the image of D(s) o j_ by the "stem" Dq x D m (rj). By 
Lemma 12.1.14 y n,m (^,r/) U L>q x D m {rj) is fiberwise diffeomorphic to x D m (rj) U _Dg x 
D m {rj). This is a linear disk bundle and, therefore, attaching this to the top of T x I 
gives a bundle A diffeomorphism of T x / fixing S x I. This sequence of deformations 
and diffeomorphisms gives a diffeomorphism TxIUBL)A = TxI which is the identity 
on S x I and therefore, can be pasted with C x I to give a fiberwise diffeomorphism 
W = C x IUT x IUBUA = M x I as claimed. □ 

2.4. Immersed Hatcher handles. Since "Hatcher handles" are attached in a neighbor- 
hood of one point, several of them can be attached at different points at the same time. 
And, in the AdT construction, there are necessarily two Hatcher handles attached to the 
same fiber. 
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Let L be a q manifold with boundary dL = doLUdiL where doL, d\L are q — 1 manifolds 
meeting along their common boundary. Let A : L — > B be an immersion so that \~ l (d\B) = 
d\L and let A : L — > M be an embedding over A. Then the immersed Hatcher handle 
construction will modify the smooth structure of M in a neighborhood of the image of A. 
The reason that A : L —> B will be an immersion and not an embedding is because, in 
the proof of key result, we will start with an Arc de Triomphe construction and separate 
the positive and negative Hatcher handles into immersed Hatcher handles. Since the AdT 
construction requires two handles to be attached over the same point in B, the mapping 
\ : L —?■ B parametrizing the separate handles will be 2 to 1 near these points. So, we 
cannot assume that A is an embedding. 

Suppose as before that m > n > q and let 

D(X) : L>2 x D m (ri) ^ M 

be a smooth embedding over A : L — > B where rj is the pull-back along A : L — > M of the 
stable vertical tangent bundle of M. As before, D% is the disk of radius 2 in W l . 

Let £ be an n-plane bundle over L which is trivial over d\L so that J(£) = € J(L/d\L) 
and let 770 be the unique m-plane bundle over L so that £ © 770 — Tj. We define W = 
E+ m (M, A, £) to be the smooth /i-cobordism bundle over B so that OqW = M given by 

E% m {M,\,t) = MxI U DCx)oFU) B^, V ) 

where B n ' m (^,rj) is the positive Hatcher handle parametrized by L. This Hatcher handle 
will be "tapered off" along OqL by which we mean (in the case when A is an embedding) 
that we construct a fiberwise diffeomorphism E r ^ m {M, A,£) = M x I over \(doL). 

When A is an immersion, there will be points b 6 B so that A -1 (b) contains more than 
one point. I.e., more than one Hatcher handle will be attached to the fiber Mj, of M over b. 
In this case, we will delete those handles corresponding to the elements of 8qL. By "tapering 
off" we mean that we will make this deletion operation smooth with respect to b € B. To do 
this, we "dig a hole" underneath the Hatcher handle. The idea is the the "hole" is perfectly 
cylindrical, but we fill it will a deformed plug (the Hatcher handle). Over a neighborhood 
of doL, the Hatcher handle is fiberwise diffeomorphic to the trivial disk bundle. So, over 
these points, the plug will fit perfectly into the hole and the result will be that fewer holes 
will be noticeably refilled. When b moves around B and the number of inverse image points 
in L varies, this trick will make the transition smooth. 

First we note that the smooth disk bundle over L given by 

E n L ' m+l (Z, ??) = D-l x D m (rf) x / U F(J) iT< m (£, v ) 

is fiberwise diffeomorphic to DJ? x D m x / over a small neighborhood of d$L. We choose 
such a diffeomorphism. Let T be the image of D(X) : DV; x D rn {j]) — v M. SoTx/CMxJ 
is fiberwise diffeomorphic to D n x D m (r]) x /. (In the analogy, T x / is the cylindrical chunk 
of dirt we pull out of the "ground" M x I creating a cylindrical hole: (M — T)x I. We now 
fill the hole with E 1 ^ m+1 {^, rj) which is equivalent to T x / near 8qL by the chosen fiberwise 
diffeomorphism.) The smooth /i-cobordism bundle E r ^ m {M, A,£) is given by: 

El' m (M, A, = (M - T) x I U El' m+1 (f , 77) 

Theorem 2.4.1 (torsion of immersed Hatcher handle). The higher IK- difference torsion 
of this bundle with respect to M x I is the image under the mapping 

K : H 4 '(L,d L) # 9 _4.(L,«9iL) -> H q _ 4 .(B,d 1 B) H 4 '(B,d B) 

24 



of the normalized Chern character oft;: 

T lK (El' m (M,\,0,M x J) = A* ((-l) n ^(0) G if 4, (B,5o5;]R) 
Remark 2.4.2. This theorem can be viewed as the commutativity of the diagram: 

(-l) n ch 



G(L, d L) Eli 'i 7r Sl do R4 '( L > d ^ : 



D(A), 



A* 



£!J(M,A,-) 

n oS B d (M) —9- H 4 '(B,doB; \ 



The commutativity of the upper curved triangle is Theorem 12.2.31 

To prove this, we need to recall the precise statement of the Framing Principle from |19| . 
Suppose that W — > B is a smooth /i-cobordism bundle with fiberwise boundary equal to 

= MU <9 V M x J U Mi 

and / : W — > / is a fiberwise generalized Morse function equal to on M and 1 on Mi 
and equal to projection to I on d v M x I. Suppose that the fiberwise singular set £(/) of / 
does not meet Wq q b- In particular, Wq b = Mg £ x I. We are in the restricted case when 
the birth death points of / are framed in the sense that the negative eigenspace bundle of 
D 2 f is trivial over the birth-death points. This implies that, over the set of Morse 

points of / of index i, the negative eigenspace bundle of D 2 f is trivial along e?o£i(/) which 
is equal to the set of birth-death points to which converges. The Framing Principle 

was proved in this restricted case in [T7] , 

In general, the negative eigenspace bundle is a well defined stable vector bundle £ = £(/) 
on the entire singular set £(/). It is defined as follows. At each index i critical point x of 
/ let £(x) = ® e N ~ l where is the i-dimensional negative eigenspace of D 2 f and 
e N ~ l is the trivial bundle with dimension N — i where iV = ra + m + l is the dimension 
of the fiber of W — > B. This defines an iV-plane bundle over At each cubic point 

we identify the positive cubic direction with the positive first coordinate direction in e N ~ l . 
This has the effect of pasting together these iV-plane bundles over Sj(/) and along 
their common boundary for each i. The result is an A r -plane bundle over all of £(/). 

The projection mapping p : (£(/),£?£(/)) — > (B,d±B) induces a map in cohomology 
using Poincare duality assuming that B is oriented. (If B is not oriented then just replace 
it with the disk bundle of the orientation line bundle.) 

V l : #*(£(/)) ff,_,(E(/),0E(/)) -> H q -*(B,diB) * H*(B,d B) 

Similarly, for each index i we have the push-down operator: 

p* : ^(S^/),^^^)) ^ H^&ifld^iif)) -> H q ^(B,d x B) H*(B,d B) 

where = Sj(/) n dT,(f) and doY>i(f) is the set of birth-death points in the closure 

of We use the orientation for which agrees with the orientation of -B and we 

take the orientation of £(/) which agrees with the orientation of Sj(/) for i even. As a 
result of these sign conventions we have the following observation. 
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Lemma 2.4.3. In the restricted case when the birth-death points of f are framed, then the 
image under pf of the Chern character of £(/) is equal to the the alternating sum of images 
under the push-down operators: 

p* : ^ 4 '(S i (/),a S i (/)) -> H 4 '(B,d B) 

of the Chern character of £j = 

p^{ch(t ® C) = ^(-l)*p*(cfcte <E> C) € ff 4 '(5, 5 0J B) 

Theorem 2.4.4 (Relative Framing Principle). Suppose that the manifold B and the sta- 
ble bundle £ = £(/) are both oriented. Then the higher relative TK-torsion invariant 
t (W,M) € H 4 '(B,doB) is given by the higher torsion of the family of acyclic chain 
complexes C(f) given by f plus the push down of the normalized Chern character of £: 

T lK (W,M)=r(C(f))+p*(di(0)£H 4 -(B,d B) 

Proof. The published version of the Framing Principle [19] assumes that 8qB is empty. 
However, the relative case follows easily from the absolute case in the present setting where 
we have an /i-cobordism bundle W. Just take the base 8qW = M and embed it into the 
boundary of a very large dimensional trivial disk bundle B x D N . Let vm be the vertical 
normal bundle of M in B x S*^ -1 and let vyy be the extension of vm to W . Then we have 
a new bundle: 

A = B x D N U D(yw) 

over B. Since D{vw) is an h cobordism bundle, this is a smooth iV-disk bundle over B (after 
rounding off corners). By additivity and invariance after passing to linear disk bundles, we 
have: 

t 1k {W,M) = t 1k {D(v w ,v m )) = r IK (A, B x D N ) = r IK (A) 

But, A is a disk bundle over B which is trivial over 8qB. So, we can collapse d$B to a 
point to get a new bundle A over B /8qB. The Framing Principle for A — >■ B/8qB is then 
equivalent to the relative Framing Principle for (W,M). 

To do this more precisely, we do the same trick as before, removing a tube T = D(vm) x I 
in a collar neighborhood of B x S^" 1 and replace it with W. The new fiberwise Morse 
function will be equal to the distance squared from the origin in B x D N — T and equal 
to / (rescaled to match) on W. Now we collapse the bundle over 8qB. By construction, 
the fiberwise generalized Morse function will factor through this quotient bundle and the 
original Framing Principle applies. □ 

Proof of Theorem \2.J^.l\ We will start with a fiberwise oriented Morse function on the bun- 
dle E2' m (ti,T]) — > L and then modify it to give a fiberwise oriented generalized Morse 
function which is framed on the birth-death set. 

The bundle El = £^' m (£, v) 1S obtained from X D m {r\) x / by attaching two handles 
with cores of dimension n — 1 and n. (For a more elaborate version of this with more 
details, see [9]) This means it has a fiberwise Morse function / : El — > I which is equal 
to the projection map to I in a neighborhood of the bottom D% x D m (rj) x and sides 
9(Z?2 x D m (r])) x /. Furthermore / will have two critical points over every point t E L. 
These critical points xt,yt have index n— \ and n respectively. The vertical tangent bundle 
of El splits as g n_1 ®{r\® e 1 ) along the section xt of El where the trivial n — 1 plane bundle 
e n_1 is the negative eigenspace of D 2 f t along x t . The vertical tangent bundle of El along 
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yt splits as £ (770 © e 1 ) where the vector bundle £, which is home-topically trivial in the 
sense that J(£) = 0, is the negative eigenspace bundle. 

Along 8qL, the bundle £ is trivial and the handle corresponding to yt is in cancelling 
position with the handle corresponding to x% since they are both standard linear handle 
along 8qL by construction. This implies that these critical points can be cancelled along a 
birth-death set of index n — 1. Since the negative eigenspace bundle £ is trivial along this 
set, this is a framed birth-death set. The new singular set £(/) is now a g-manifold with 
boundary lying over d±L. It has a framed birth-death set and Morse sets in two indices 
S n (/) and S n _x(/). The descending bundles are £ n _i = e n ~ l and £ n = £. These are 
oriented bundle since they are homotopically trivial. Also the cellular chain complex is 
trivial at every point. Therefore, by the Framing Principle, the higher relative IK-torsion 

of £% m &r,) is 

T lK (E n L ' m (H,v),D n x D m ( V ) x /) = (-l) n dk(0 € H 4k -(L,d L) 

From this fiberwise oriented generalized Morse function we can construct a fiberwise 
oriented generalized Morse function F on £7?' m (M, A, £) = (M — T) x / U El by taking 
projection to I on the first piece (M — T) x I and / on the second piece El- The singular 
set of F is the image under -D(A) of the singular set of /. Consider the following commuting 
diagram. 

S n (/)^S(/)^ls(F) 




L — s~ B 

This implies that the image of the push-down of the Chern character of £ along the map 
p is equal to the image of the Chern character of £ under A. So, by the relative Framing 
Principle, we have 

T lK (El> m (M,\,0,M) = (-1)>*(cM£)) = (-l) n M^(0) 
as claimed. □ 



3. Main Theorems 

There are two main theorems in this paper. The first concerns the set of possible higher 
torsion invariants of exotic smooth structures on smooth manifold bundles. 

The second theorem is that, rationally stably, the immersed Hatcher construction gives 
all possible exotic smooth structures on smooth manifold bundles with odd dimensional 
fibers. This is a combination of the following two theorems. First recall from Section 2 of 
[TT] that 

n S s Bi9o (M) ®1 = H q ^ 4 .(M, M dlB ) 

where the spot • indicates direct sum over all k > with real coefficients unless otherwise 
indicated and the image of an exotic smooth structure M' on M is denoted 

Om(M') = @(M',M) e H q . 4 .(M,M dlB ) 

and we call it the (rational) exotic structure class of M'. 

Theorem 3.0.5. When the fiber dimension is odd, the rational exotic structure class 
0(M',M) given by the immersed Hatcher construction E™' m (M, A, £) is the image of the 
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Poincare dual of twice the normalized Chern character of £ under the map in homology 
induced by the embedding A : (L,diL) — > (M, Mq 1 b)- Thus: 

&{M',M) = {-l) n KD{2ch(i)) 

where c/i(£) € -ff 4, (L, doL) is given in Definition \1.3.8\ and A* o D is the composition: 

H 4 '(L,d L) ^ F 9 _ 4 .(L,aiL) ^ H q . 4 .(M,M 9lB ) 

Remark 3.0.6. By definition of the normalized Chern character, the exotic structure class 
0(M',M) lies in the image of 

H q ^.(M,M dlB ;((2k + l)Q) 
In particular, 0(M', M) is a scalar multiple of an integral class in every degree. 

Proof. The proof will show the commutativity of the following diagram which is a slightly 
stronger statement: 



Do(-l) n 2ch 



G(L,8 L) 



topE2(-, v ) 
topE™(M,\, 



Dor 1 



H q _ 4 .(L,dL) 



tt S B 9() (M) — — H q _ A .(M, M dlB 




A* 



Here G(L,doL) = [L/doL,G/0]. The middle portion can be expanded into the following 
diagram where 12 = x D m (rj) is the disk bundle over L which is diffeomorphic to a 
tubular neighborhood of the image of A : L — > M. 



D(A), 



Dot ik 
Hq-A»{E, Eq 1 



D(A), 



Hq-A* (M, Mq 1 




i? ? _4.(L,0iL) 



The morphisms O_b,0m in the second diagram are isomorphisms of vector spaces after 
tensoring with R by Theorem 2.2.3 of and the vertical maps are all induced by A : L — > 
M and D{\) : E — > M. The square commutes by Corollary 2.4.3 of [TT]. The triangle on 
the right commutes since it comes from a commuting diagram of spaces. The composition 
of the top two arrows is equal to Dor IK by normalization of ®e (Proposition 2.2.4 of 
Therefore, the second diagram commutes. So, the middle quadrilateral in the first diagram 
commutes. 

If we look at the top of the immersed Hatcher handle we get an element 

top(E^ m (M,X,0)^S Bi9o (M) 
which, by construction is the image of the Hatcher disk bundle 

E' = top(E% m (E,0,0)£Si, 9o (E) 

under the stratified map S L g (E) — > S B 9o (M). The composition of the horizontal mappings 
on the top row of the first diagram takes £ € G(L, 8qL) to t 1k (E'). And the last statement 
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we need to prove is: 

r IK (£') = {-l) n 2ch(i). 

This follows from the following four equations where E is the bottom of E r ^ m {E, 0, £). Since 
E is a linear disk bundle, we have t(E) = for any stable torsion invariant r. 

(1) T (E) = = \t{DE) + \T{d y E) by Remark EM 

(2) t(E') = \t(DE') + \r{d y E) since d v E' = d v E. 

(3) r(5 v ^' m (£;,0,0) = \ T {DE) + \t{DE') by Additivity Axiom EES 

(4) r 1K (d v El' m (E,0,0) -t 1k (DE) = (-l) n 2ch(£) by Corollary EELS 

This proves the commutativity of the first diagram and the theorem follows. □ 

Proposition 3.0.7. The vector space H q _4 9 (M, Mq iB ) is spanned by the images of the 
possible maps 

G(L,d L)^H q ^.(M,M 9lB ) 

given by A* o D o (— \) n 2ch = Qm top E™(M, A, — ) in the theorem above. 

This proposition is proved below using the Arc de Triomphe construction. 

Theorem 3.0.8. When the fiber dimension N of M — > B is odd and B is oriented, the 
higher IK-relative torsion of an exotic smooth structure M' on M over (B,8qB) and the 
rational exotic smooth structure class Q(M',M) are related by 

Dt 1k {M', M) = p*9(M', M) 

where D is Poincare duality and p* is the map in homology induced by p : M — > B. In 
other words, the following diagram commutes. 

TT S s B do (M) # g _4.(M, M dlB ) — F ? -4.(B, diB) 

Proof. The map p* is M-linear, and Theorem 13 . U . 5 1 and Proposition I3.U.71 above say that the 
immersed Hatcher construction gives generators for ttqS b q (M) <8> M = H q _4,(M, Mq 1 b) 
and sends these generators to their higher relative IK-torsion. The theorem follows. □ 

We have the following immediate corollary. 

Corollary 3.0.9. If M is a smooth bundle over B and both fiber and base are oriented 
manifolds with odd fiber dimension N > 2q + 3 then the possible values of the higher IK- 
relative torsion r IK (M',M) for M' an exotic smooth structure on M which agrees with M 
over 8qB will span the image of the push-down map 

p* : H N+4 '(M,d M) -»• H 4 '(B, 8qB) 

where d M = M doB U d v M . 

The immersed Hatcher construction and the Arc de Triomphe do not work to produce 
exotic smooth structures on smooth bundles M — > B with closed even dimensional fibers. 
If the vertical boundary d y M is nonempty, these constructions can be used to modify the 
smooth structure near the vertical boundary and we conjecture that this is the most that 
can be done. Nevertheless, if there is any way to produce an exotic smooth structure in the 
case of an even dimensional fiber, it follows easily by reduction to the odd dimensional case 
that the first part of Theorem 13.0.81 still holds. 
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Corollary 3.0.10. Theorem \3.0.8\ holds for even dimensional fibers. Thus: 
Dt ik (M',M) =p*0(M',M) € i? g _ 4 . (5,315) 

Proof. If M, M' — > B have even dimensional fibers then M' x I,M x I — > B have odd 
dimensional fibers and we have: 

t 1k (M',M) = r IK (M' x I,M x I) 

since r IK is a stable invariant. Since the fibers of M x I — > B are odd dimensional, Theorem 
13.0.81 applies and 

Dr m {M' x I, M x I) = p*e(M' x I,M x I) 
This is equal to p*Q(M' , M) since is, by definition, a stable invariant. □ 

3.1. Arc de Triomphe 2. Proposition 13.0.71 follows from the Arc de Triomphe construc- 
tion and the stratified deformation lemma [3.2.11 The Arc de Triomphe construction is an 
extension of the Hatcher construction which rationally stably produces all exotic smooth 
structures on a compact manifold bundle. The stratified deformation lemma shows that 
each AdT construction can be deformed into an immersed Hatcher construction. 

We explained the basic construction in subsection 12.11 It only remains to describe the 
full construction and prove the following theorem. 

Theorem 3.1.1 (Arc de Triomphe Theorem). The AdT construction gives virtually all 
stable exotic smooth structures on a compact manifold bundle with odd dimensional fibers. 
In other words, AdT gives all elements in a subgroup of finite index in the group of all stable 
exotic smooth structures. 

Remark 3.1.2. If M —> B is a smooth bundle whose fibers are even dimensional, the AdT 
construction rationally stably produces all exotic smooth structures on M x I — > B. By 
definition these are stable smooth structures on M — > B. So, the theorem implies that the 
AdT construction produces virtually all stable smooth structures on all compact manifold 
bundles. 

3.1.1. AdT construction. The Arc de Triomphe construction goes as follows. Suppose that 
M — > B is a smooth manifold bundle over a compact oriented q-manifold B with odd fiber 
dimension N = n + m where m > n > q. Suppose dB = OqB U d\B where doB, d\B meet 
along their common boundary. Then we will construct elements of q oB (M), the space of 
exotic smooth structures on M relative to 8qM = Mq b U d v M. 

Definition 3.1.3. By a stratified set over B with coefficients in X we mean a pair 
(E, t/j) where S is a compact smooth oriented q manifold together with a smooth mapping 
7r : £ — > B and ip : S — > X is a continuous mapping satisfying the following. 

(1) vr sends <9E to dB. 

(2) 7r : S — > B has only fold singularities, i.e. it is given in local coordinates near 
critical points by tt(xi, ■ ■ ■ ,x q ) = (x±, X2, • • • ,x q ), and the singular set So is a q — 1 
submanifold of S transverse to dT,. 

Let and S_ denote the closures of the subsets of S — So on which the map n : £ — > B 
is orientation preserving and orientation reversing, respectively. Thus E_ n S + = So and 

s_ u s + = s. 

We say that (S, ip) is a stratified subset of a smooth bundle M over B if S is a smooth 
submanifold of M and tt : S — > B is the restriction of p : M — > B. 
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Remark 3.1.4. For any stratified subset (X, ifi) in M over B, there is a nowhere zero vertical 
vector field v along So which points from X_ to X+. If the fiber dimension is greater than 
the base dimension, this vector field extends to a nowhere zero vertical vector field on all 
of X. If the fiber dimension is at least two more than the base dimension, this extension is 
unique up to homotopy. 

Let SDg do (M) be the set of stratified deformation classes of stratified subsets 
of M over B with coefficients in X so that vr(X) is disjoint from 8qB. By a stratified 
deformation of stratified subsets (X, ip) ~ (X', ip') of M we mean a stratified subset (S, \£) 
of M x / over B x I with coefficients in X so that the image of S in B x I is disjoint from 
doB x I and so that (X, if)), (X', ?/>') are the restrictions of (S, f) toBxO,Bxl respectively. 

Here are two examples that we will use later in the proof of the Stratified Deformation 
Lemma I3.2.U In both cases, M = B x J where J C R is one dimensional. Using Remark 
I3.1.4l we will be able to embed these examples into a general stratified subset with sufficiently 
large fiber dimension. 

Example 3.1.5 (fc-lens). By a k-lens we mean a stratified set X diffeomorphic to S k with 
X + and X_ both diffeomorphic to D k . Here is an explicit example. Let M = B x J where 
(B,d B) = (D k ,S k ' 1 ) and J = [0, 1]. Let X be the ellipsoid given by 

E = {(x,h) eD k x [0,1] : ||2x|| 2 + (4/t - 2) 2 = 1} 

with given by h > | and S_ given by h < i. This set can also be given in polar 
coordinates by the equation 

||2r|| 2 + (4/t - 2) 2 = 1 

where (r, 9, h) € [0, 1] x S k ~ 1 x J. Since 9 G S^ -1 does not occur in the equation, the set X 
is given by spinning the subset of the r, /i-plane given be the above equation. 



c 



x_ 



Example 3.1.6 (mushroom). Let M = B x J where (jB, d$B) = (L> fe ,0) and J = [-3,3]. 
Let X C M x (—1, 1) be the stratified deformation given in polar coordinates (r,0,h,t) € 
[0, 1] x S k+1 x J x (-1, 1) by the equation 

4(r 2 + t 2 ) = h - — + 1 



A stratified subset is X C M together with a continuous mapping ip : X — > X. The 
coefficient spaces X that we are interested in are X = BSO, classifying oriented stable 
vector bundles over X and X = G/O = SG/SO classifying vector bundles with homotopy 
trivializations of the corresponding spherical fibration. The latter is the input for Hatcher's 
construction and the Arc de Triomphe construction will be a mapping 

AdT : SD%°(M) ^ S s B>dQ (M) 

The claim is that this map is rationally split surjective. In other words, rationally stably, 
all exotic tangential smoothings on M are given by the construction that we will now give. 
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t = —1, 1 t = -\>\ t = 

Figure 5. For t = the stratified subset is a fc-lens union a regular S + 
component. For t = ±1, this /c-lens disappears. For t = 0, the rotated shape 
resembles a mushroom. We call the deformation £ : — 1 — >■ "planting a 
mushroom." 

The idea of the construction is to attach negative Hatcher handles along £_ and positive 
Hatcher handles along S + and have them cancel along So- The map ip : S — ^ G/O gives 
the bundle £ in the Hatcher handle. 

Suppose that m > n > q and M — >■ 2? is a smooth bundle with fiber dimension m + n 
which we assume is odd [2q + 3 is the minimum). Suppose we have a stratified subset 
EcM with coefficient map ip : £ — > G/O. This gives a stable vector bundle £ over £. Let 
77 be the unique m-plane bundle over £ isomorphic to the pull-back of the vertical tangent 
bundle of M and let r? , ?y + , 770 be the restrictions of r\ to £_,£+, 770- Then we have an 
embedding 

D(n + ) : D n x D m {rj+) M 

lying over the restriction 7r + : £ + — >■ B of 7r to £ + . This gives a tubular neighborhood 
of £ + . Replacing + with — we get D(n_) lying over 7r_ giving a thickening of £_. The 
embeddings D(tt + ) and D(n_) are disjoint except near Sq- To correct this we move D(tt^) 
slightly in the fiber direction near £0 so that the images of D(tt + ) and D(tt^) are disjoint 
everywhere. We do this move systematically by moving in the direction of, say, the last 
coordinate vector e n in D n . The result will be that the image of D(7T_) will no longer 
contain £_ close to So- 

Do this in such a way that there is an embedding 

D(tt ) : D n x D(r] ) -> M 

so that D(Tt-)(x,y) = D(jt )(\(x + 2e n ), y) and L>(vr + )(x, y) = L>(7r )(j(:r - 2e n ), y). Or, 
start with embedding D(ttq) and move the mappings D(tt + ), D{ttJ) vertically (along the 
fibers) so that they land in the two halves of the image of -D(7fo) as indicated. 

Take the bundle M x I over B and, using the map D(tt + ) we attach the positive Hatcher 
handle B n > m ((„r] + ) along its base d B n ' m (^r] + ) = D n x D m (r] + ) x to the top M x 1 of 
M x I. Then we attach the negative Hatcher handle A n ' m (^, 77_) to the top of M x / using 
the composite map 

E n ' m (^, 77_) ^> L> n x D m (?7_) M 

Since the images of D(n + ) and D(n_) are disjoint, these attachments are disjoint. 

Over 7r(£o) we have a positive and negative Hatcher handle attached on the interior of the 
image of D(ttq). Next, we slide the attachment map for the negative Hatcher handle until 
it "cancels" the positive Hatcher handle. It is very easy to see how this works. Over £q the 
negative Hatcher handle A n ' m ((,r] ) is attached along its base doA n ' m (£, rjo) = E n ' m (^,r]o) 
and the positive Hatcher handle is 

B n > m (t r,o) = D n x D m ( V0 ) U hxl £"' m (£, r) ) x [1, 2] 
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By Lemma 12.1.41 we can slide the base E n,m (^,r]o) of A n,m (t;,r}o) along the top of the 
MxlU B n ' m (^r] + ) until it is equal to £ n > m (£, r/ ) x 2 C B n ' m ((,jj ). We can do this in a 
precise way since we are working inside of the model which is the image of D(ttq) in M x 1. 
We extend this deformation (arbitrarily) to A n,m (£, r/_). Then we will have the desired 
bundle over B whose fibers are /i-bordisms with base equal to the original bundle M. We 
call this new bundle IU(S, , i/>) (suppressing n,m): 

W(E, ip) = M x I U B n ' m (i, t]+) U A n > m {£, 77-) 

To be sure, we need to round off the corners. And we also need to taper off the cancelling 
Hatcher handles along So- But, along So, the two Hatcher handles cancel and we have a 
local diffeomorphism of IU(S,?/>) with M x I near So- Using this diffeomorphism we can 
identify W with M x I along this set and we have a smooth bundle over B. The local 
diffeomorphism exists by Proposition 12.3.51 The reason that we have a bundle at the end is 
because, in a neighborhood of the AdT construction along So we either have two Hatcher 
handles, which are a smooth continuation of what we have at So or we have M x I locally 
(which means we are only looking at the portion in the image of D(ttq)) and there we are 
using the diffeomorphism given by Proposition 12.3.51 to identify M x I with the M x I with 
the pair of Hatcher handles attached. So, we have local triviality and thus a smooth bundle 
W -»• B. Let 

AdT(E,i/>) =top(W(E,i(})) 
with tangential homeomorphism given by W. If we have any deformation of (S, tp) then 
we can apply the same construction to this stratified set over B x I and we get a isotopy 
between the two constructions showing that AdT(E, ifr) changes by an isotopy. 

Proposition 3.1.7. (a) The AdT construction as described above gives a well defined map- 
ping 

AdT:SD%°(M)^ir S s BM (M) 

from the set of stratified deformation classes of stratified subsets (S, tp) of M with coefficients 
in G/O to the space of stable tangential smoothings of M. 

(b) This mapping is a homomorphism of additive groups where addition in SD^q o (M) 

is given by disjoint union and addition in ttqS^ q (M) is given by the little cubes operad on 
the stabilization. 

Proof. It is clear that SDg'^M) is a monoid with addition given by disjoint union using 
transitivity to make any two stratified subsets of M disjoint by a small perturbation. We 
also have additive inverses given as follows. 

For any stratified subset (S, ip) in M, we claim that there are stratified subsets (S, 9), (T, ^) 
each deformable to the empty set by a stratified deformation, making them equal to zero in 
the group SD B g Q (M), and so that (S U T, \E') is also deformable into the disjoint union of 
(S,'0) and another stratified subset (U,ip') of M. This makes {U,ip') the additive inverse 
of (E,ip). The construction of (S, Vf), (T, \£) is as follows. 

By Remark 13.1.41 there is a nowhere zero vertical vector field v along S so that, along 
So, it point from S_ to S + . Using this vector field, we can embed a "ribbon" R + = S + x I 
in M so that R + contains S + as S + x 0. In this ribbon we take S = S+ U 5_ where 
S + = S + x | and S- = S + x |. As we approach So we replace w, | by numbers converging 
to |. Let ^ : S -)• X be given by $?(x, t) = ip(x) for all (x, t) E S + x /. 

Claim 1 . (S, \l/) is deformable into the empty set. 

33 



Pf: Deform S inside the ribbon by letting the coordinates |, | converge to ^. Extend \P 
using the same equation. This gives the null deformation. 

Construct (T, ^) inside of the ribbon i?_ = £_ x / containing as S_ x 1 in a similar 
way. 

Claim 2 . (5UT,f ) is deformable into the disjoint union of and another stratified 

subset of M. 

Pf: Along Eo we can merge the bottom of 5 with the top of T, just like the deformation 
t = ^ to t = in Example 13. 1.61 above. This is illustrated in the following diagram. 





Figure 6. The sum of the trivial stratified sets (S, (T, \&) deform to the 
disjoint union of (£,V0 an d another stratified set. 



To show that the mapping AdT is additive, we take two smooth structures 9i,02 on the 
stabilized M x D 2k ~ 1 x I which by the stabilization construction are equal to the original 
smooth structure on d\M x D 2k ^ 1 ) x I U M x D 2fc_1 x and on the complements of 
E\ x D 2k and E2 x Z) 2fc respectively. By transversality, these two subsets, the supports 
of the two exotic smooth structures are disjoint. Therefore, by Proposition 1.5.10 of |11| . 
6\ + 62 is given by changing the smooth structure of both E\ and E2. This show that SdT 
is additive. □ 

c 10 

Remark 3.1.8. The proof above shows that the inverse of (£, V) S SDg£(M) has the form 
(S', ifj') where ip' is the composition 

s'As^> G/O 

Where p : X' — > S maps a subset [/+ C homeomorphically onto the interior of S_ and 
a subset U- C S'_ homeomorphically onto the interior of £+. Furthermore, the restriction 
of p to U+U U- is compatible with the projection to B. 

Proposition 3.1.9. If tp : S ->■ G/O is inm'aJ f/ien so zs Adr(E,V>). Therefore, AdT 
induces a homomorphism 



AdT:SD%°(M)^n S s BA) (M) 



s~i 1 r~\ 

Where SD B q q (M) is the quotient of SD b ' / q o (M) by all (S,^) where ip is null homotopic. 

Proof. If ip is constant then the positive and negative Hatcher handles in the Arc de Tri- 
omphe construction are standard disk bundles and attaching these to the top of M x I will 
not change its fiber diffeomorphism type. □ 
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3.1.2. Homotopy calculation. To prove Theorem 13.1.11 we need calculations in the form of 
more commuting diagrams. 
Let _ 

Dch : SD G B [°{M) -+ F,_ 4 .(M,5iM) 

be the mapping given by sending (£, ip) to the image of the normalized Chern character of 
the bundle £ under the mapping 

ch{i) £ F 4 '(£) H q ^.(Z,dZ) h H q -4m(M,diM) 

induced by the inclusion j : (£,e?£) — > {M,d\M). Since £ is an oriented bundle, the 
Framing Principle applies to prove the following. 

Lemma 3.1.10. The following diagram commutes ifn + m is odd. 

SDb%(M) — (M) H q -4,(M, Mq ± b) H q -4»(B, d\B) 

Adl 1 ' 



{-l) n 2Dch 



Dot 1 



Although we claim that the Framing Principle implies this lemma, we don't need to 
verify it since this lemma follows from the next lemma. 



Lemma 3.1.11. Every element of SD B g (M) is in the image of a homomorphism 



V V G{L,d»L)^SD G B '°{M) 

where A : (L,d\L) — > (B,d\B) is a codimension immersion covered by an embedding 
A : L — >• M which makes the following diagram commute. 

Do(~l) n 2ch 

G(L, d L) — H q . 4 .(L, dxL) 

SDb^M) mS Bido (M) H q ^.(M, M 9lB ) 



(-l) n 2Dch 

Proof of Lemma 13. 1.1 01 First we note that both maps coming out of SD B 'g o (M) factor 

q fry 

through SD B9o (M). Each element then lifts to G(L,d L). Next we chase the diagram at 
the beginning of the proof of Theorem 13.0.51 to show that the two images of this element in 
® H q -4k(B, di) are equal. The diagram in Lemma 13.1.1 II above shows that the two images 
obtained are the same as the two images in the diagram of Lemma 13.1.101 which we are 
proving. □ 

Proof of Lemma \3.l.ll\ The mapping takes a map £ : L — > G/O which is trivial over 
8qL and produces a stratified subset 

£ X (£) = (£,V) 

where £ is two copies of L, thus £_ = £+ = L, glued together along 8qL and embedded in 
M using two small perturbations of the embedding A : L — > M. The mapping psi is equal 
to £ on S + and is trivial on Since ip is trivial on £_, the negative Hatcher handles in 
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W(E, ■0) are standard disk bundles. So, the bundle AdT(E, ip) will not change if we remove 
these "trivial" Hatcher handles. The result is then equivalent to the immersed Hatcher 
handle. This shows that the triangle in the diagram commutes. Commutativity of the 
(curved) square follows from the definition of Dch(£) on SD B q b, namely, -Dc/iE^(£) is the 

push- forward along the embedding D(\) : E — > M of the Poincare dual of the normalized 
Chern character of £ bundle over L. 

It remains to prove the element-wise surjectivity statement. This follows from the strat- 
ified deformation lemma [3.2.11 whose proof we leave until the end. This lemma shows that 
any stratified subset (E, ip) of M can be deformed so that every component of E_ is con- 
tained in a disjoint contractible subset of E. Then we can deform -0 so that it is constant 
on each component of £_ and therefore also on £q. Then let (L,8qL) = (E+,£o) and 
let A : L — > B be the map tt + : E + — > B. Let A : L — > M be the inclusion map of £+. 

Q IQ 

Then we claim that the image of (£,V0 in SD B q AM) is equal to the image £^(£+) of 
= £|E + € G(L, doL). Since we started with an arbitrary element of SD B 9o (M) this will 
prove the lemma. 

Q IQ 

To see that (E,0) and £^(£ + ) are equal in SD Bdo (M), we just take the difference 
— (S,0). The negative of given in Remark 13.1.81 has the form (S',0') where 

^'^oprE' ->£->■ G/O. But then ip' is trivial on / 5 _1 (E\£/'_) and C E'_ ^ E + 
has the same G/O coefficient map as £^(£ + ) has on its positive part. Therefore, the subset 
U- of the negative part of E' cancels the interior of the positive part of E^(^ + ) by a 
stratified deformation. The result has trivial coefficient map to G/O and therefore is trivial 

Q IQ _ 

in SD Bdo (M) as claimed. □ 

3.1.3. Proof of the AdT Theorem. The Arc de Triomphe Theorem 13.1.11 will follow from the 
following first version of the theorem. 

Lemma 3.1.12. The mapping 

Dch : SD%[°{M) -> H q ^.(M,dxM) 

is rationally surjective in the sense that its image generates H q -i,(M,diM) as a vector 
space over K. 

Proof We review the properties of generalized Morse functions (GMF) as described in [14J, 
namely the singular set of a fiberwise GMF is a stratified set E together with a coefficient 
mapping E — > BO. See also [TD] for the relationship between generalized Morse functions 
and analytic torsion. 

Consider the bundle M x I — > B and consider an arbitrary fiberwise generalized Morse 
function / : M X I — >• I which agrees with the projection map over 8qB and in a neighbor- 
hood of the vertical boundary. Thus / = prj on the set 

A = d M x I U M x {0, 1} 

The fact that / is a fiberwise GMF is equivalent to the property that the / is in general 
position, so that its singular set E(/) is a submanifold of M x I, and so that the projection 
map E(/) — > B has only fold singularities and the Morse point set which are the regular 
points of the projection £(/) — > B are stratified by index i. We will use just the sign 
(— I) 1 making E + into the set of Morse points of even index and E_ the set of odd index 

36 



Morse points of /. It is important to note that £(/) is a manifold with boundary and 
d£(/) = £(/) n M 9lB x /. 

The singular set is the inverse image of zero under the vertical derivative D\f) of / 
and therefore a framed manifold with boundary. (Add the vertical normal bundle to see 
the framing.) Since the space of all smooth functions on M x / equal to prj on A is 
contractible and contains a function without critical points, this framed manifold is framed 
null cobordant and represents the trivial element of the fiberwise framed cobordism group 
of M relative to Mq iB which is Tto^B,d QB(M) where Qb(M) is the bundle over B with 
fiber Q(X+) = fi 00 S 00 (X + ) over b G B if X is the fiber of Af X / over b. 

The negative eigenspace of D 2 (f) gives a stable vector bundle £ over £(/). So £(/), 
together with £ gives a stratified subset of M x I with coefficients in BO = colim BO(k). 
Since £(/) is a framed manifold with boundary which is framed null cobordant when we 
ignore this vector bundle, we get an element of the kernel of the map from the fiberwise 
framed cobordism group of BO x M to that of Af. This kernel is ttq of the fiber of the map: 

7 : T Bjdo Q B {BO x AO -> r Bi8o Q B (M) 

In [13] , it is shown that the space of generalized Morse functions on a manifold X is dim X- 
equivalent to Q(BO A X + ). If we apply that theorem fiberwise, we get that the space of 
fiberwise generalized Morse functions on Af x I has the n + m — q homotopy type of the 
fiber of the map 7 above. 

However, it is a standard homotopy argument to show that there is a split surjection 

Q{BO A X+) -> n°°{BO A X+) 

which is rationally equivalent to the homology of X in every 4th degree since BO is ratio- 
nally equivalent to Y\ k>Q K(Z,4:k). Therefore, ^(fiberfa)) has a split summand which is 
rationally isomorphic to the group: 

H:=H q ^.{M,M dlB ;Q) 

by the basic homotopy calculation (Corollary 2.2.2 of 

This implies that a set of generators for the vector space H <g> K is given by taking 
Dch(E,£) for all possible stratified sets (£,£) G SD^ Q (M x I) given by all fiberwise 
generalized Morse functions on M x I fixing the subspace A. Using the fact that the group 
J(S) is finite with order, say m, we know that J(£ m ) = in J(S) and therefore lifts to 
a map S — >• G/O. So, these various stratified sets (S,£ m ) G SD^(M x J) will have 
Z)c/i(S,£ m ) generating the vector space -ff <8> M as claimed. □ 

Lemma 3.1.13. The following diagram commutes 



(-l) n 2Dcft 

where Q : Af' 1— > 0(M', Af) ^iwes the rational exotic structure class of M' . 

This lemma proves the Arc de Triomphe Theorem 13.1.11 since we just proved in Lemma 
13.1.121 that the normalized Chern character is rationally surjective and we know by the 
smoothing theorem that is a rational isomorphism. 
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Proof. Take the diagram from Lemma 13,1.111 and add the arrow 0: 



G(L, 5 L) ^ H q _ im (L, d x L) 



4opE"(M,X-) 



SD G B '°{M) 7T ^ )ao (M) — ff g - 4 .(M, M 9lB ) 



{-l) n 2Dch 

The outside curved square commutes by Theorem 13.0.51 The map E^ can be chosen to 

Q IQ 

hit any element of SD B q q (M) by the previous lemma. Therefore, the curved triangle at 
the bottom commutes. This implies the lemma since the maps factor uniquely through 

SD^foiM). □ 

3.2. Stratified deformation lemma. It remains to prove the following lemma which was 
used to show that each Arc de Triomphe construction can be deformed into an immersed 
Hatcher construction. 

Lemma 3.2.1 (Stratified Deformation Lemma). If the fiber dimension of M is > q + 2, 
then any element of SD B do (M) is represented by a stratified subset (£,-0) of M with the 
property that the components o/E_ are contained in disjoint contractible subsets o/E. 



Proof. This is the same proof which appears in [15] on page 446-447 with five figures and 
in [19] on page 73 with one figure. We repeat the argument and pictures here since the 
statements are not the same, only analogous. 

To clarify the statement of this lemma we point out that the mushroom (t = in Example 
I3.1,6j) is already in the desired form since E_ = S k ~ 1 x I is contained in the contractible 
subset E_ U T+ = D k of E. Thus the contractible set can contain parts of E+. 

The dimension hypothesis implies that all deformations of E in M can be made into 
isotopies of smooth embeddings over B by transversality. So, we will not concern ourselves 
with that point. Also, by Remark 13.1.41 there is a nowhere zero vertical vector field along 
any stratified subset E C M which points from E_ to E + along So- As in the proof of 
Proposition 13.1.71 we can use this to find a ribbon R = E_ x I containing E_ in M. 

Suppose that d\B is empty. Then we will deform any (S,?/j) into the desired shape 
(so that the union of E_ and a portion of E + is a contractible subset of S.) When d\B 
is nonempty, we double B along d\B and double M along Mq ± b and similarly for (E,^). 
Then do the deformation Z/2 equivariantly. The fixed point sets of the Z/2 action on the 
new B and new M are the original d\B and Mq x b- 

First choose an equivariant triangulation of E_ so that the fixed point set is a subcomplex 
and so that each simplex maps monomorphically into B. Then we will cut apart the set E_ 
by deleting a tubular neighborhood of each interior simplex A m starting with the lowest 
dimension m = 0. Let w be a vertex in the interior of E_. Near w we embed the ribbon 
E_ x I and we will perform the deformation completely inside of this ribbon. 

(m = 0) The desired stratified deformation is given in Example 13 . 1 . 6 1 but with the labels 
E_,E + reversed and with k = q. In words, we create a (/-lens above the point w (above 
means in the direction of the vector field v of Remark I3.1.4P together with the coefficient 
map sending the entire g-lens to ip(w) € G/O. This is the t = \ part of Example 13.1.61 
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Then we attach the mushroom and cancel the portion of £_ around w as in the t = 
picture of the example. Remembering that we have reversed £_, £+ we see that the new 
£_ is the disjoint union of D q (the "top" of the mushroom) and the old £_ with a disk 
shaped hole cut out around w. In other words, we have removed a neighborhood of w from 
the old £_. 

(m = 1) Next, take a 1-simplex in £_. Since we have attached mushrooms on the two 
endpoints, the picture of this 1-simplex is as follows. Since £ is g-dimensional, we have 
the product with D q ~ l in a small neighborhood of the 1-simplex where the endpoints stay 
inside the stems of the mushrooms planted on the endpoints. 



x D q - 1 



We focus attention to a small neighborhood of the 1-simplex in £_ (ignoring the £_ 
tops of the old mushrooms). Then, on the two £ + segments (xD ?_1 ) we plant two new 
mushrooms (with T+ C £ + tops) and perform the deformation in Figure [7J When one of 
the endpoints of the 1-simplex lies on the boundary of the original set £_, we will not have 
a mushroom and the figure above is not quite accurate in that case. However, we will still 
have a £+ segment which meets the boundary of £_ along So an d we can still perform this 
deformation (plant two mushrooms) and Figure [7J will be accurate in this case. 

When we plant the two new mushrooms, a new £_ component S diffeomorphic to 5 9_1 x 
I x 5° is created. This is contained in S U T + = D q x Sr. When we do the deformation 
indicated, we attach a solid (/-handle to this to form a contractible subset of the new £ 
containing the new component of £_ (which is now homotopy equivalent to a wedge of two 
q — 1 spheres, but with each sphere filled in with a g-disk T + C £+) we also extend the 
coefficient map by using the values of ip on the old 1-simplex in £_ at the bottom of the 
figure. This old 1-simplex is now at the bottom of a 1-lens and this can be cancelled by the 
deformation obtained by rotating the lens since the top of lens and the bottom of the lens 
have matching coefficient maps. The result is that the set £_ is changed by the deletion 
of the 1-simplex. In more standard language, this last step performs surgery on a circle S 1 
embedded in £ so that half the circle is in £ + and half is in £_. This second half is the 
1-simplex which has been "eliminated." 

T T 

Figure 7. Plant two new mushrooms and cancel the two points indicated 
with spots. 

(m > 2) Suppose by induction that the m — 1 skeleton of £_ has been removed where 
m > 2. Let D m be what remains of one of the original m-simplices of £_. Then D m has 
boundary S m ~ l C £ . Part of this boundary comes from the original boundary of £_ and 
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the other part comes from the inductive procedure. There are remnants of mushrooms from 
previous steps in the construction and we need to avoid them and use only those structures 
which exist in all parts of the boundary of D m C E_. 

Since E is q dimensional, this disk sits in D m x D q ~ m C X_. The next step in the 
deformation is given by planting the product of S" 1 ^ 1 with a mushroom of dimension q — 
m + 1. The picture is the same as Figure [71 So, we do not redraw it. However, we give a 
new interpretation of the same figure. 

Take the left hand figure in Figure [JJ This is a planar figure which is now being spun 
around the middle vertical axis over all 8 £ S m . The tops of the mushrooms, which 
are given locally by t = in Example 13.1.61 become diffeomorphic to S m ~ l x /. For all 
z S D q ~ m , we replace these mushrooms with the t = \\z\\ picture from Example 13.1.61 
and spin around S m . This gives a stratified set over D m x D q ~ m which contains a new 
components S C E_ diffeomorphic to S"™ -1 x I x S q ~ m . However, with the tops of the 
mushrooms we get SUT + = S™- 1 x D q - m+1 . The deformation (passing from left to right) 
in Figure [7J is to be carried out only for z close to the origin in D q ~ m otherwise the points 
indicated with spots are not in the picture and, again, we use the value of the coefficient 
map on the m-simplex in £_ to extend the value of t/j to the top of the new m-lens that we 
have formed. This deformation performs surgery on a m — 1 sphere in £ which lies in So 
on the boundary of S U T+. This changes S U T + into a g-disk. So, the new component of 
£_ is contained in a contractible subset of S. 

On the right hand side of FigureUJwe have an m-lens which can be eliminated by Example 
I3.1.5l since the value of tjj on top and bottom match by construction. This performs surgery 
on an m-sphere in E which meets E_ is an m-disk which is the remains of the m-simplex 
which we are trying to eliminate. This deformation therefore completes the induction and 
proves the lemma. □ 

This completes the proof of all the theorems in this paper. 
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